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Introduction
In recent years, orbital physics has attracted the interest of many people
due to the interplay between the dynamics of ions and electrons [1, 2]. The
relevance of the interaction between the orbital and lattice degrees of free-
dom (Jahn-Teller effect) has been already recognized for a long time and has
allowed to interpret a variety of physical phenomena both in localized sys-
tems (variations in optical properties or possibility to undergo distortions)
and in extended systems (relaxation of electronic spins in a lattice, colossal
magnetoresistance, high temperature superconductivity).
In the last years, there has been a particular interest in the study of
compounds containing localized 4f and 5f electrons, as are lanthanide diox-
ide PrO2 [3]-[8], actinide dioxides UO2 [9]-[21], NpO2 [22]-[29] and PuO2
[30]-[32]. In particular, for PrO2 and UO2, a large number of experimental
results suggests an unambiguous role of Jahn-Teller coupling.
At low temperature, praseodymium dioxide (antiferromagnet with Ne´el
point at TN = 14 K) has an anomalously small magnetic moment [3, 5] when
compared with the value expected for the ground electron-spin state in a
cubic crystal field. Pr4+ ions exist almost completely in a 4f 1 configuration,
as now ascertained opinion [4, 33, 34], and the Pr4+ ground state shows an
orbital degeneracy. In this situation, an interaction between the electron and
ion motion or, in other words, a dynamical Jahn-Teller effect, can play an
important role.
Actually, the high resolution magneto-vibrational spectra recently ob-
tained by Boothroyd et al. [4] provide experimental evidence of such theo-
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retical prediction. In fact, at low energy the experimental spectra exhibit two
peaks separated by about 130 meV, a broad band centred at about 25 meV
and a 160 meV shoulder. These features cannot be explained in a scheme
including only crystal-field and spin-orbit interactions, while a Jahn-Teller
coupling can produce a number of levels having electronic and vibrational
character [1]. In this way, also the observed reduction of the ordered mag-
netic moment at low temperature could be explained.
Further neutron diffraction experiments performed by Gardiner et al. [7]
revealed an internal distortion of the characteristic fluorite structure of rare
earth dioxide below a temperature TD = (120 ± 2) K with the cubic cell
doubled along one of the crystal axes. In the antiferromagnetic phase, the
symmetry of this distortion could be interpreted as the effect of a vibronic
single-site coupling added to a magnetic exchange interaction. Two com-
ponents of the local effective magnetic field were supposed, oriented along
crystal axes orthogonally with respect to the axis along which the cubic cell
is doubled [7, 8]. But the presence of such a distortion even above TN cannot
be interpreted without considering a cooperative Jahn-Teller effect.
Moreover, Gardiner et al. [7] investigated the degeneracy of the ground
state of PrO2, measuring its specific heat capacity and calculating the mag-
netic entropy. In the antiferromagnetic phase, they found that the degeneracy
was completely removed, as expected, by the exchange interaction. However,
in the paramagnetic phase, it was found that the ground state was a doublet,
therefore suggesting the presence of a cooperative interaction, since a single-
site vibronic coupling cannot produce any splitting of the quartet ground
state.
Uranium dioxide has flourite crystal structure and the electronic config-
uration of U4+ ion is 5f 2 with f states well localized [14, 35]. Experiments
[36] and recent ab initio calculations [35] have confirmed that UO2 is an an-
tiferromagnet below TN = 30.8 K. Different types of magnetic ordering have
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been proposed, but recent experiments of inelastic neutron scattering with
polarization analysis [17, 37] and NMR measurements [18] have indicated the
existence (below TN) of a 3-k structure. This magnetic ordering is consistent
with an internal 3-k lattice distortion of δ = 0.014 A˚, as revealed from the
analysis of the neutron magnetic scattering cross section measured at T = 4.2
K by Faber et al. [13]. For each U4+ ion, whose magnetic moment points
along (1,1,1) directions of cubic unit cell, there are two O2− ions displaced
forward or away from the centre. As a result, the cubic symmetry of the
crystal is maintained. A 3-k lattice distortion is also supported by ab initio
calculations of Laskowski et al. [20], although the predicted distortion is
larger than the experimental one. In the paramagnetic phase, the structure
of the lattice is less clear. Caciuffo et al. [17] suggested the existence of a
monoclinic 1-k distortion but no estimate was done about the displacements
of the ions. It is not known if this distortion still occurs at high temperatures
or if there is a phase transition towards a cubic structure.
Another interesting aspect associated to UO2 is the reduction of the
ordered magnetic moment in the antiferromagnetic phase. The calculated
magnetic moment on Γ5 states in intermediate-coupling approximation gives
µ = 2.06 µB. Instead neutron-diffraction experiments measurements [13] at
T = 4.2 K yielded a value of µ = (1.74 ± 0.02) µB. The problem of the
reduction of the magnetic moment of UO2 has been addressed by various
authors within different models which include J-mixing induced by crystal
field [16] or a distortion of the oxygen cage surrounding the uranium ions
[9, 10, 15], due to the coupled motion of electrons and lattice ions (static
Jahn-Teller effect). However the J-mixing on the ground state is too weak to
reduce satisfactory the magnetic moment and the Allen’s model [9, 10] fails
in a 3-k structure [15].
Other useful informations on UO2 come from neutron spectroscopy at
different temperatures [15]. The neutron spectrum exhibits four peaks be-
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tween 150 and 180 meV and a further splitting into two peaks of the main
transition near to 152 meV.
In spite of the number of experiments, a microscopic theory that coher-
ently explains all the various observations is still lacking. In this work, we
firstly analyse different linear vibronic models (single-mode and two-mode
phonon interaction models, consistent with the symmetries of the system
under study). Then the differential cross section and the magnetic moment
are calculated. The single-centre models of dynamical Jahn-Teller coupling
allow to interpret the differential cross section and the reduction of the mag-
netic moment but fail when one tries to explain the distortion of the O2− ions
or the splitting of the ground state into two doublets above TN in PrO2. In
order to interpret these effects, a cooperative Jahn-Teller interaction between
different centres is then proposed and a mean-field theory is here followed, as
suggested in Ref.[1]. Moreover, for PrO2, the existence of a structural phase
transition is also interpreted.
The introduction of the electron-phonon interaction, in particular the use
of two-mode interaction models, requires handling matrices with a very large
number of degrees of freedom. However linear interaction models are here
considered, leading to matrices in a sparse form, then the Lanczos-recursion
procedure [38] can be successfully used. In the literature this method has
been followed in solid-state physics in connection with electronic problems
[39]-[41] or extended to dynamical Jahn-Teller problems, allowing a non per-
turbative treatment of the absorption as well as luminescence spectra of
localized impurity centers [42]-[48]. Also in this work the Lanczos-recursion
method can be efficiently used, provided that the initial state of the iterative
procedure is chosen in a proper way.
In the first part of this work, the physical problem is faced and the theoret-
ical models are exposed. In Chap.1 the electronic Hamiltonian is discussed;
in Chap.2 there is a review of the experimental measurements; in Chap.3
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the Jahn-Teller systems interesting our work are analysed; in Chap.4 the
calculation procedure is exposed. In the second part, the results obtained
for PrO2 (Chap.5) and UO2 (Chap.6) are shown. Then, there are comments
and conclusions. Finally, an appendix for specific arguments is reported.
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Part I
Physical problem and models
Chapter 1
Electronic Hamiltonian
Rare earth dioxides have a fluorite-type crystal-structure. In Fig.1.1, the
cubic cage formed by eight O2− ions surrounding a R4+ ion at the centre is
shown. The interaction among the central ion and the surrounding ligands
is well described by crystal-field theory, a powerful theoretical model which
allows to deal with the properties of rare earth and actinide ions. In addition,
spin-orbit interaction has to be considered. In the case of more than one
electron in the f orbital, also an electrostatic interaction among them has to
be taken into account.
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Figure 1.1: The cubic cage RO8. The magnetic moment is oriented along one of the
crystal axes (1-k structure).
In the antiferromagnetic phase, an exchange field between the magnetic
dipoles on each R4+ ion has to be included too. Different magnetic orderings
can be considered and some of them are displayed in Fig.1.2. A 1-k structure
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has dipoles pointing along one of the crystal axes; an n-k structure is given
by the superposition of n 1-k structures transforming into each other under
the symmetries of the cubic group (for more details see Ref.[14]).
Figure 1.2: Different magnetic orderings: 1-k (left), 2-k (centre), 3-k (right).
1.1 PrO2
It has been shown [4] that Pr4+ ion has one localized electron in the 4f
configuration giving rise to a ground 2F term 14-fold degenerate (including
spin). The main interactions acting on this term are the spin-orbit and the
crystal field.
In this work, we treat the spin-orbit interaction and the crystal field on
the same footing, non-perturbatively. This choice can be justified because, in
lanthanides, the strength of spin-orbit interaction is often comparable to the
crystal field. The cubic crystal-field, applied to a multiplet of given angular
momentum (L = 3), produces three states, as explained in Ref.[49], having
the symmetries of the representations Γ2u, Γ4u and Γ5u of the Oh group
(following the Koster notation [50]), as shown in the left side of Fig.1.3. In
the next, the label u, indicating the symmetry with respect to the inversion,
will be omitted.
Including spin-orbit interaction, the basis of the Hamiltonian is extended
to spin degeneracy and double-group representations are introduced decom-
posing the products: Γ4 × Γ6 = Γ6 + Γ8, Γ5 × Γ6 = Γ7 + Γ′8, Γ2 × Γ6 = Γ′7.
The diagonalization of HCF +HSO leads to the following set of levels:
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Figure 1.3: Levels splitting in PrO2 produced by crystal field (left); by crystal field, spin-
orbit interaction and local magnetic interaction (right).


|E0〉i = a0|Γ8,i〉+ a′0
∣∣Γ′8,i〉, i = −32 ,−12 , 12 , 32 ,
|E1〉i = a1|Γ7,i〉+ a′1
∣∣Γ′7,i〉, i = −12 , 12 ,
|E2〉i = |Γ6,i〉, i = −12 , 12 ,
|E3〉i = a3|Γ8,i〉+ a′3
∣∣Γ′8,i〉, i = −32 ,−12 , 12 , 32 ,
|E4〉i = a4|Γ7,i〉+ a′4
∣∣Γ′7,i〉, i = −12 , 12 .
(1.1)
Here i labels the rows of each double group representation.
In the antiferromagnetic phase, a local effective magnetic exchange inter-
action among spins has to be considered: Hmagn = −µ ·H = −gµBH · J,
where H is a local effective field acting on each magnetic dipole.
For PrO2, recent neutron and x-ray diffraction measurements [7, 8] indi-
cate that probably a superposition of two 1-k structures (see the left side of
Fig.1.2) oriented along mutually orthogonal directions is preferred. If the pri-
mary component of the magnetic field is oriented along z and the secondary
one along y, defining h1 = gµBHz and h2 = gµBHy, we have:
Hmagn = h1Jz + h2Jy. (1.2)
Let us summarize all the electronic terms:
He = HCF +HSO +Hmagn. (1.3)
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The degeneracy is now completely removed, as shown in the right side of
Fig.1.3.
1.2 UO2
Differently from the lanthanides, in the actinides spin-orbit interaction is
much larger than crystal field. In a Russell-Saunders scheme, including spin-
orbit interaction, the ground state multiplet of UO2 is a nine-fold degen-
erate 3H4 state with Lande´ factor g(J, L, S) = 0.8. Instead, following an
intermediate-coupling approximation [51], the electronic levels produced by
electrostatic, spin-orbit and correlation interaction [16] are linear combina-
tion of multiplets with the same J but different L and S. The ground state
calculated by Rahman [16] is 3H ′4 = 0.9459
3H4 − 0.3113 1G4 + 0.0911 3F4,
leading to an effective g = 0.8231. The crystal field splits the 3H ′4 multiplet
in a Γ5 ground state (three-fold degenerate) and in excited states Γ3 (two-
fold degenerate), Γ4 (three-fold degenerate) and Γ1 (singlet) (Γi label the
irreducible representations of the cubic point group in the Koster notation
[50]).
CF
H
4H
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H
magn
4
3
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3
Figure 1.4: Levels splitting in UO2 produced by crystal field and local magnetic interaction.
The crystal-field Hamiltonian, for multiplets of definite total angular mo-
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mentum J = 4 is given by [52]:
HCF = W
[
x
(
O4
F (4)
)
+ (1− |x|)
(
O6
F (6)
)]
, (1.4)
where W is a parameter with the dimension of energy, x is an adimensional
parameter, O4 and O6 are combinations of operators of angular momentum
(explicitly given in App.A), F (4) and F (6) are numerical constants depending
on J (here J = 4, F (4) = 60 and F (6) = 1260). The 3H ′4 multiplet is split
into four levels having the symmetries of the representations Γ5, Γ3, Γ4 and
Γ1 of Oh group:
EΓ5 = −2W (10 + 13x− 10|x|), (1.5)
EΓ3 = 4W (16 + x− 16|x|), (1.6)
EΓ4 = 2W (2 + 7x− 2|x|), (1.7)
EΓ1 = 4W (−20 + 7x+ 20|x|). (1.8)
In the antiferromagnetic phase, a molecular exchange field interaction has
to be added and it completely removes the degeneracy as shown in Fig.1.4.
A 3-k model (local mean field H in the (1,1,1) direction as shown in the right
side of Fig.1.2) is appropriated for UO2, so the magnetic interaction is:
Hmagn =
h√
3
(Jx + Jy + Jz). (1.9)
Hence the electronic Hamiltonian here considered for UO2 consists of two
terms:
He = HCF +Hmagn. (1.10)
The crystal-field parameters, W and x (in the notation of Lea et al. [52]),
have to be determined in order to reproduce the experimental level splitting of
3H
′
4 ground state. Depending on the approximations used in the eigenstates
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calculations, W and x are found to be in the range (4.1 ÷ 4.6) meV and
0.84 ÷ 0.88, respectively [15]. Very recently [53], a perturbative model for
crystal-field calculations on actinide dioxides, which takes into account the
possible mixing of states labelled by different quantum number J , has been
proposed. This model provides J-mixing corrections for UO2 that, for sake
of simplicity, are here neglected, because neither the crystal field nor the
J-mixing significantly influence the value of the ordered magnetic moment
[16]. The value of the intensity of the magnetic interaction h is not exactly
known, but it has been estimated in the range from 1 meV to 1.6 meV [15] so
as to have values of the Ne´el temperature comparable with the experimental
one.
Chapter 2
Review of experimental
measurements
2.1 PrO2
The experimental cross section for PrO2, obtained at 10 K [4], exhibits (left
side of Fig.2.1) a strong peak centred at about 3 meV, corresponding to the
transitions coming from the ground multiplet E0, then a large band extending
from about 10 to 80 meV, another peak near 130 meV (transition towards
E1) and a little shoulder near 160 meV. In the central part of Fig.2.1, the
transitions towards E2 and E3 multiplets are shown, while, in the right side,
a large band corresponding to transitions towards E4 is shown. The bands
centred at about 25 and 160 meV are not predicted in a pure electronic
model.
Recent neutron diffraction measurements [7] revealed an internal distor-
tion of PrO2 lattice below a transition temperature TD = 120 K and different
symmetries of this deformation have been proposed: for instance, a “sheared”
structure has been considered with O2− ions displaced by a distance of 0.073
A˚ along one of the crystal axes, as shown in Fig.2.2. Another possibility
is the “chiral” structure displayed in Fig.2.3, in which displacements are in
mutually perpendicular directions. In this way, the unit cell of the crystal
is doubled along a direction perpendicular to that of the displacements and
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Figure 2.1: The experimental cross section for PrO2 at T = 10 K [4]: from 0 to 160 meV
(left); transitions near 350 meV (centre); near 730 meV (right).
this is valid both for the “sheared” structure and for the “chiral” one, where
the direction of the doubling of the unit cell corresponds to the x axis.
Figure 2.2: The “sheared” distortion for PrO2 [7]. Pr4+ ion is indicated with a black circle,
O2− with a white one.
The orientation of the magnetic dipoles in PrO2 was studied by Gardiner
et al. [7, 8]. Their measurements are consistent with the existence of two
different components of the local magnetic field. One of them follows an an-
tiferromagnetic type-I structure with a 1-k model (left side of Fig.1.2) and its
unitary cell is the same as the fluorite structure. Longitudinal structures are
ruled out, so the ordering vector k must be perpendicular to the orientation
of the spins. Gardiner et al. found that k has to be on the same direction
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Figure 2.3: The “chiral” distortion for PrO2 [7]. Pr4+ ion is indicated with a black circle,
O2− with a white one.
along which the unit cell is doubled (x axis), while the magnetic moments
can be oriented along either y or z.
In analogy with the crystal, the secondary magnetic component has a
doubled structure and the direction of the dipoles has to be perpendicular to
the x axis. In Fig.2.4 two possible orientations for the magnetic dipoles of
this component are shown: in the left side, all dipoles are along the y axis,
while, in the right side, half moments point along y and half along z axis.
Figure 2.4: Two possible magnetic structures for the secondary component of PrO2 [7].
The magnetic moment of PrO2, measured at T = 4 K [5] in a neutron
diffraction experiment from a single crystal sample, is µ = (0.68 ± 0.07)
µB, consistent with previous measurements of Kern which gave µ = (0.6 ±
0.1)µB [3]. Very recently, measurements of the magnetic intensities of neutron
scattering at T = 2 K [7], assuming a two-component model, allow to obtain
µ1 = (0.65 ± 0.02) µB and µ2 = (0.35 ± 0.04) µB. Instead, a calculation
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starting from the analysis of the low temperature susceptibility [54] gives
µ = 1.1 µB. This reduction of the magnetic moment is another strong
suggestion for a Jahn-Teller coupling on PrO2.
Finally, Gardiner et al. [7] have investigated the degeneracy of the ground
state. They measured the specific heat capacity both below and above the
Ne´el temperature, finding a “lambda anomaly” in correspondence of TN , as
expected. Through the integration of the specific heat capacity divided by
temperature, they calculated the specific entropy of PrO2 and obtained the
magnetic entropy, after subtracting the lattice contribution. Using Boltz-
mann law, they found that the ground state is a doublet above TN . It is
worth noticing that, in the paramagnetic phase, there is no local exchange
magnetic term (Hmagn = 0); therefore no remotion of the degeneracy is
expected, even considering a dynamical vibronic coupling. Instead, a coop-
erative Jahn-Teller effect could explain this observed fact.
2.2 UO2
Experiments [36] and recent ab initio calculations [35] have confirmed that
UO2 is an antiferromagnet below TN = 30.8 K. Different magnetic orderings
have been proposed, but recent experiments of inelastic neutron scattering
with polarization analysis [17, 37] and NMR measurements [18] have indi-
cated the existence (below TN) of a 3-k structure. This magnetic ordering is
consistent with an internal 3-k lattice distortion of δ = 0.014 A˚, as revealed
from the analysis of the neutron magnetic scattering cross section measured
at T = 4.2 K by Faber et al. [13]. As shown in Fig.2.5, for each U4+ ion,
whose magnetic moment points along (1,1,1) directions of cubic unit cell,
there are two O2− ions displaced forward or away from the centre.
As far as the reduction of the ordered moment in the antiferromagnetic
phase is concerned, it is important to stress that neutron-diffraction experi-
mental measurements [13] at T = 4.2 K gave µ = (1.74± 0.02) µB while the
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Figure 2.5: The observed 3-k distortion for UO2 [19].
calculated magnetic moment on Γ5 states in intermediate-coupling approxi-
mation gives µ = 2.06 µB.
The neutron spectrum, measured at different temperatures by Amoretti et
al. [15] is shown in Fig.2.6. It exhibits four peaks between 150 and 180 meV.
Amoretti et al. attributed the first of them, at 152.4 meV to the Γ5 → Γ3
transition and the other ones to the Γ5 → Γ4 transitions. Being theoretically
forbidden, the Γ5 → Γ1 transition would be hardly observed. A more detailed
analysis near 152 meV revealed a further splitting into two peaks, interpreted
as transitions towards the two rows of the Γ3 level separated by a local
magnetic exchange interaction.
Figure 2.6: The experimental cross section for UO2 [15]: peaks from 150 to 180 meV at
T = 6.5 K; in the inset, a more resolved analysis near 150 meV at T = 12 K.
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The situation above the Ne´el temperature is not so clear. From a study
of the magnetic excitation spectra, Caciuffo et al. [17] deduced a splitting
of the Γ5 ground state also above TN and advanced the hypothesis of a 1-k
monoclinic distortion of the oxygen cage, attributed to a strong dynamical
Jahn-Teller interaction. However no measurement of the distortion was done
and it was not clear if there was a phase transition to an undistorted structure
at higher temperatures.
Chapter 3
The Jahn-Teller effect
The Jahn-Teller effect is typical of systems such as molecules, clusters and
crystals with a high degree of symmetry [1, 55]. It provides a general mech-
anism for symmetry breaking and, in addition, it represents an elementary
interaction scheme among fermionic and bosonic degrees of freedom. This
coupling between vibrational and electronic states is called “vibronic” inter-
action. As a consequence, Born-Oppenheimer approximation breaks down
(see App.C) and non-adiabatic terms introduce new effects. Additional lines
in the optical spectra, relaxation of excited states, reduction of the electronic
operators, such as the ordered magnetic moment, are usual consequences of
a vibronic interaction.
Moreover, a vibronic interaction often gives rise to displacements of the
atoms of the system, corresponding to different configurations of minimum
energy having a lower degree of symmetry than the initial one. Usually, these
minima are equivalent in energy, so the mean displacement is zero. But if
additional terms are introduced in the Hamiltonian, one of these minima
can be favoured, producing a permanent distortion. This can be the case
of a magnetic exchange field or a cooperative interaction among different
Jahn-Teller centres, as it can happen in crystals.
In this chapter, we analyse some typical Jahn-Teller systems occurring
in rare earth dioxides. Then we introduce the cooperative interaction and,
28 Chapter 3: The Jahn-Teller effect
finally, we examine how the vibronic coupling produces the distortions in
PrO2.
3.1 Jahn-Teller systems
It is useful to introduce the representations of cubic group of symmetry fol-
lowing two usual notations adopted in literature (the so-called Bethe’s and
Mulliken’s). In Tab.3.1, the correspondence between the two notations is
exposed. In the first column, the degeneration of every representation is
specified (for the Oh group, the subscript g or u is to be added in order to
indicate the symmetry with respect to inversion). In Mulliken’s notation,
small letter is used to indicate the irreducible representation of the vibra-
tional states and capital letter that of the electronic ones.
deg Bethe Mulliken
1 Γ1 A1
1 Γ2 A2
2 Γ3 E
3 Γ4 T1
3 Γ5 T2
Table 3.1: Correspondence between Bethe’s and Mulliken’s notation.
In this work, the most important irreducible representations for the elec-
tronic states involved in vibronic couplings are the triple-degenerate T repre-
sentations. Notice that the ground state and the excited ones of both PrO2
and UO2 have T symmetry. Therefore it is important to analyse the possible
phonon couplings between these states and the Jahn-Teller active modes.
It is known that a degenerate electronic state belonging to a representa-
tion Γ can couple with modes belonging to the symmetric product [Γ2] [1].
For Γ = Γ4,Γ5, we have: [Γ
2
4] = [Γ
2
5] = a1g + eg + t2g. Usually the interaction
with the totally symmetric a1g mode is neglected (it produces only a line
broadening [56]). Hence, we restrict our attention only to couplings with
tetragonal eg and trigonal t2g modes.
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In order to calculate the vibronic states for these systems, it is convenient
to introduce the annihilation and creation operators in terms of the normal
coordinates Qγ and the corresponding conjugate momenta Pγ:
a†γ = −
i√
2h¯ωΓ
(Pγ + iωΓQγ) , aγ =
i√
2h¯ωΓ
(Pγ − iωΓQγ) , (3.1)
a†γ |nγ〉 =
√
nγ + 1|nγ + 1〉, aγ |nγ〉 = √nγ |nγ − 1〉.
Inversely:
Qγ =
1√
2
√
h¯ωΓ
ωΓ
(
a†γ + aγ
)
, (3.2)
Pγ =
i√
2
√
h¯ωΓ
(
a†γ − aγ
)
. (3.3)
In the following subsections, the Hamiltonians of particular vibronic cou-
plings involved in this work are considered. Their expressions derive from a
general one, given by Eq.(35) in App.C. For sake of simplicity, in such Hamil-
tonians only the vibrational contribution Hv and the Jahn-Teller interaction
contribution HJT are shown.
3.1.1 T ⊗ e system
In this system, a linear interaction among a triply-degenerate electronic state
T (Γ4 or Γ5) and a two-dimensional vibration eg is taken into account. The
Hamiltonian of this system is:
H =
1
2
(
P 2θ + P
2

)
PT +
1
2
ω2e
(
Q2θ +Q
2

)
PT + Ve (QθCθ +QC) , (3.4)
where θ and  label the rows of the eg mode; PT is a projector on the basis of
the electronic functions T ; ωe and Ve are the frequency and the vibronic cou-
pling constants of the eg mode, respectively. The Clebsch-Gordon coefficients
Ci are:
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Cθ =

−12 0 00 −1
2
0
0 0 1

 , C =


√
3
2
0 0
0 −
√
3
2
0
0 0 0

 , (3.5)
having chosen the electronic basis functions Γ4x, Γ4y and Γ4z for Γ4 and Γ5yz,
Γ5zx and Γ5xy for Γ5 given by Koster [50] (see App.A for details). The normal
coordinates of symmetry eg are displayed in Fig.3.1.
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Figure 3.1: Normal vibrations of symmetry eg: Qθ (left) and Q (right).
The expressions of the mass-weighted displacements (see App.C) are:
Qθ =
√
Me
32
( +x1 + y1 − 2z1 − x2 + y2 − 2z2 − x3 − y3 − 2z3
+x4 − y4 − 2z4 + x5 + y5 + 2z5 − x6 + y6 + 2z6
−x7 − y7 + 2z7 + x8 − y8 + 2z8),
Q =
√
Me
4
( +x1 − y1 − x2 − y2 − x3 + y3 + x4 + y4
+x5 − y5 − x6 − y6 − x7 + y7 + x8 + y8),
where Me is the effective mass of the e mode.
Three equivalent minima are obtained, corresponding to distorted systems
having tetragonal symmetry D4h:
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(Qθ, Q)1 =
Ve
ω2e
(
−1
2
,
√
3
2
)
, (3.6)
(Qθ, Q)2 =
Ve
ω2e
(
−1
2
,−
√
3
2
)
, (3.7)
(Qθ, Q)3 =
Ve
ω2e
(1, 0) . (3.8)
The deepness of these minima is the so-called “Jahn-Teller energy”:
EJT (e) =
1
2
V 2e
ω2e
. (3.9)
Introducing the annihilation and creation operators given by (3.1), the
vibrational and Jahn-Teller Hamiltonians in (3.4) become:
Hv = h¯ωe
(
a†θaθ + a
†
a + 1
)
PT , (3.10)
HJT = h¯ω
√
Se
[
Cθ
(
a†θ + aθ
)
+ C
(
a† + a
)]
, (3.11)
where Se is the Huang-Rhys factor:
Se =
EJT (e)
h¯ωe
. (3.12)
The basis functions for this system are given by:
|Ψ(T ⊗ e)〉 = |i, nθ, n〉, (3.13)
where i labels the electronic states, nθ and n represent the phonon occupa-
tion numbers for the e mode.
3.1.2 (T1 + T2)⊗ e system
In the case of two electronic multiplets having T symmetry, T1 and T2, both
interacting with lattice vibrations of e symmetry, the Hamiltonian becomes:
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H = Hv(T1) +HJT (T1) +Hv(T2) +HJT (T2), (3.14)
where Hv(Ti) and HJT (Ti) have the same expressions (3.10) and (3.11) with
projectors acting on the space Ti.
The basis functions for this Jahn-Teller system are the direct product of
the electronic T1 and T2 functions and of the vibrational functions of the e
mode, and they have the form (3.13), where i index labels both T1 and T2
states.
3.1.3 (T1 ⊗ e′) + (T2 ⊗ e′′) system
Another possibility to study systems including two states having T symme-
try is to analyse different vibronic interactions with the e mode (two-mode
model). The Hamiltonian of this system is:
H = Hv(T1 ⊗ e′) +HJT (T1 ⊗ e′) +Hv(T2 ⊗ e′′) +HJT (T2 ⊗ e′′), (3.15)
where Hv(Ti⊗ e∗) and HJT (Ti⊗ e∗) have the same form as (3.10) and (3.11)
with projectors acting on the space Ti and annihilation and creation operators
acting on the vibrational space of the e∗ mode.
The basis functions for this two-mode interaction are:
|Ψ[(T1 ⊗ e′) + (T2 ⊗ e′′)]〉 = |i, n′θ, n′, n′′θ , n′′ 〉, (3.16)
where n′θ and n
′
, n
′′
θ and n
′′
 label the occupation numbers for the e
′ and e′′
mode, respectively.
3.1.4 T ⊗ t2 system
In this system, an interaction between a triply-degenerate electronic state T
(Γ4 or Γ5) and a three-dimensional t2g vibration is considered. The Hamil-
tonian is:
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H =
1
2
(
P 2yz + P
2
zx + P
2
xy
)
PT +
1
2
ω2t2
(
Q2yz +Q
2
zx +Q
2
xy
)
PT
+Vt2 (QyzCyz +QzxCzx +QxyCxy) , (3.17)
where yz, zx and xy are the rows of the t2g mode; ωt2 and Vt2 are the
frequency and the coupling constant of the t2g mode. Using the electronic
functions described in App.A, the Clebsh-Gordon coefficients are given by:
Cyz =

0 0 00 0 −1
0 −1 0

 , Czx =

 0 0 −10 0 0
−1 0 0

 , Cxy =

 0 −1 0−1 0 0
0 0 0

 .
(3.18)
The Oh cubic group admits two sets of t2g symmetry coordinates but only
one of them describes the effective distortions in rare earth dioxides [19] and
it is shown in Fig.3.2.
1 1 12 22
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Figure 3.2: Vibrations of t2g symmetry: from left to right, Qyz, Qzx and Qxy.
The mass-weighted displacements are:
Qyz =
√
Mt2
4
( +y1 + z1 + y2 + z2 + y3 − z3 + y4 − z4
−y5 + z5 − y6 + z6 − y7 − z7 − y8 − z8), (3.19)
Qzx =
√
Mt2
4
( +z1 + x1 − z2 + x2 − z3 + x3 + z4 + x4
+z5 − x5 − z6 + x6 − z7 + x7 + z8 − x8), (3.20)
Qxy =
√
Mt2
4
( +x1 + y1 + x2 − y2 − x3 − y3 − x4 + y4
+x5 + y5 + x6 − y6 − x7 − y7 − x8 + y8), (3.21)
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where Mt2 is the effective mass of the t2 mode.
The minima of the adiabatic potential surface are determined by:
|Qyz| = |Qzx| = |Qxy|, QyzQzxQxy = −δ3, δ = 2
3
Vt2
ω2t2
.
Four equivalent minima are obtained, corresponding to distorted systems
characterized by D3d symmetry, displayed in Fig.3.3:
(Qyz, Qzx, Qxy)1 =
2
3
Vt2
ω2t2
(1, 1, 1), (3.22)
(Qyz, Qzx, Qxy)2 =
2
3
Vt2
ω2t2
(1,−1,−1), (3.23)
(Qyz, Qzx, Qxy)3 =
2
3
Vt2
ω2t2
(−1, 1,−1), (3.24)
(Qyz, Qzx, Qxy)4 =
2
3
Vt2
ω2t2
(−1,−1, 1). (3.25)
The deepness of each minimum for this system is :
EJT (t2) =
2
3
V 2t2
ω2t2
. (3.26)
The distortion corresponding to the (1,1,1) minimum (3.22), displayed in
the top, left side of Fig.3.3 is:
∆ = 2(x1 + y1 + z1 + x2 − z3 + y4 + +z5 − y6 − x7 − y7 − z7 − x8). (3.27)
In the second quantization formalism, the vibrational and the Jahn-Teller
Hamiltonians are:
Hv = h¯ωt2
(
a†yzayz + a
†
zxazx + a
†
xyaxy +
3
2
)
PT , (3.28)
HJT =
√
3
2
h¯ωt2
√
St2
[
Cyz
(
a†yz + ayz
)
+ Czx
(
a†zx + azx
)
+ Cxy
(
a†xy + axy
)]
,
(3.29)
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Figure 3.3: Distortions in correspondence of the points of minimum
where, as usual, St2 is the Jahn-Teller energy (3.26) in units of the phonon
energy.
The complete basis functions for the trigonal mode are given by:
|Ψ(T ⊗ t2)〉 = |i, nyz, nzx, nxy〉, (3.30)
where nyz, nzx, nxy label the phonon occupation numbers of the t2 mode.
3.1.5 (T1 + T2)⊗ t2 system
In presence of two electronic multiplets having T symmetry, interacting with
a single mode of t2 symmetry, the Hamiltonian (3.17) becomes:
H = Hv(T1) +HJT (T1) +Hv(T2) +HJT (T2), (3.31)
where Hv(Ti) and HJT (Ti) have the same expressions of (3.28) and (3.29)
with projectors acting on the space Ti.
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The basis functions are the same as for the T ⊗ t2 system (3.30), so they
are |i, nyz , nzx, nxy〉, where i now labels the T1 and T2 electronic states.
3.1.6 (T1 ⊗ t′2) + (T2 ⊗ t′′2) system
This is a more complex system where two electronic multiplets of T symmetry
(T1 and T2) both interact with t2 modes (t
′
2 and t
′′
2). The Hamiltonian (3.17)
becomes:
H = Hv(T1 ⊗ t′2) +HJT (T1 ⊗ t′2) +Hv(T2 ⊗ t′′2) +HJT (T2 ⊗ t′′2), (3.32)
where Hv(Ti ⊗ t∗2) and HJT (Ti ⊗ t∗2) have the same form of (3.28) and (3.29)
with projectors acting on the space Ti and annihilation and creation operators
acting on the vibrational space of the t∗2 mode.
The basis functions for this two-mode interaction model are:
|Ψ[(T1 ⊗ t′2) + (T2 ⊗ t′′2)]〉 =
∣∣i, n′yz , n′zx, n′xy, n′′yz, n′′zx, n′′xy〉, (3.33)
where n′yz, n
′
zx and n
′
xy label the occupation numbers for the t
′
2 mode and
n′′yz, n
′′
zx and n
′′
xy those for the t
′′
2 mode.
3.2 Cooperative effect in crystals
In the previous section, we have restricted our attention to single Jahn-Teller
centres with linear coupling terms, described by the Hamiltonians (3.4) or
(3.17). In these systems there are equivalent minimum energy configurations,
characterized by a reduced symmetry. However, the system can “tunnel” be-
tween different distorted configurations and, as a result, its symmetry prop-
erties are globally unchanged. Hence, a generalization of a linear Jahn-Teller
coupling in a polycentre model is needed to explain the permanent distortions
observed in some crystals.
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In some cases, also a weak exchange magnetic interaction can split the
ground multiplet (pseudo Jahn-Teller effect), giving rise to different non-
equivalent minimum energy configurations. But sometimes a distortion in
crystals is observed in the paramagnetic phase too, as in the case of praseo-
dymium dioxide. Then other interactions have to be included.
In fact, in a crystal lattice containing Jahn-Teller centres, at low tempera-
ture, through a correlation between local distortions, an interaction between
neighboring centres should be present. In other words, a cooperative Jahn-
Teller effect can happen, resulting in an ordering of the local distortions,
and such effect may lead to a permanent deformation of the crystal. As
the temperature rises, the thermal fluctuations overcome the correlation. As
a consequence, the macroscopic deformation or ordering, if present at low
temperature, disappears, leading to a structural phase transition.
Experimental evidence of the relevance of the cooperative Jahn-Teller
effect on structural phase transitions has been found in a variety of crystals,
mainly in rare earth compounds with zircon structure, spinels but also in
other compounds as described in a number of books [1, 2] or papers [57]-[60].
Recently [7], it has been suggested that the observed changes in magnetic
ordering in the antiferromagnetic PrO2 are related to the cooperative Jahn-
Teller effect.
Here we consider the local dynamics of Jahn-Teller centres. In particular,
each ion n is subject to a local vibronic effect represented by the Hamiltonian
H(n), whose possible forms have been discussed in the previous section, and
to a cooperative Jahn-Teller effect with neighboring ions m represented by
the Hamiltonian H(m,n). As usual in the literature, for each ion we consider
here only the interactions with its nearest neighbors. The total Hamiltonian
is thus:
H =
∑
n
H(n) +
∑
m6=n
H(m,n). (3.34)
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where m and n label the ions of the crystal.
The most general and widely accepted form for the Hamiltonian H(m,n)
is [1]:
H(m,n) =
1
2
∑
n
∑
m6=n
Q†(n)K(n−m)Q(m), (3.35)
where Q(m) is a vector whose components are the collective coordinates
QΓγ for the ion m; K(n−m) is a matrix whose components KΓγΓ′γ′(n−m)
represent the strength of the interaction between a vibration Γγ of the ion n
and the vibration Γ′γ′ of the ion m. This Hamiltonian essentially describes
the elastic interaction between different centres. The terms with m = n
represent the elastic properties of isolated ions and they are included in the
Jahn-Teller Hamiltonian. The quadratic terms can modify the equilibrium
between the minima, absolute minima can appear and the crystal can be
subject to a permanent distortion.
Usually, in order to find solutions for the Hamiltonian (3.35), a mean-field
approximation is used to decouple the interdipendence between the vibrations
of centres n and m. For the details of this procedure, see, for instance,
the papers of Englman and Halperin [57], Feiner [59] and also the book of
Bersuker [1]. For sake of simplicity, in the following we summarize the key
feature of the procedure (see Ref.[1]).
At low temperature, the interaction of a single cell with the other ones
is described by a mean field. In the mean-field approximation, the field
fluctuations are neglected and only the average value of the interaction is
taken into account. The mean field lowers the symmetry of the cell under
consideration. As a consequence, at low temperature the coordinates Q(n)
can be written as the sum of a mean value and a fluctuation:
Q(n) = 〈Q(n)〉+ ∆Q(n). (3.36)
Then, the Hamiltonian (3.35) becomes:
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H(m,n) = −1
2
∑
n
∑
m6=n
〈Q†(n)〉K(n−m)〈Q(m)〉+
∑
n
Q†(n)f(n)
+
1
2
∑
n
∑
m6=n
∆Q†(n)K(n−m)∆Q(m), (3.37)
where
f(n) =
∑
m6=n
K(n−m)〈Q(m)〉. (3.38)
Each single term fΓγ(n) is given by:
fΓγ(n) =
∑
m6=n
∑
Γ′γ′
KΓγΓ′γ′(n−m)〈QΓ′γ′(m)〉. (3.39)
The first term in (3.37) is constant and it can be excluded from the
Hamiltonian. The last term represent the product of fluctuations in the
displacements of different ions and can be neglected. Then, the total mean-
field Hamiltonian Hmf can be written as a sum of single-site terms:
Hmf =
∑
n
Hmf (n), (3.40)
where
Hmf (n) = He(n) +Hv(n) +HJT (n) +Hcoop(n) (3.41)
with
Hcoop(n) =
∑
Γγ
fΓγ(n)QΓγ(n). (3.42)
The term fΓγ(n) depends on the mean values 〈QΓ′γ′(m)〉 (see Eq.(3.39)).
This leads to a self-consistent procedure: given a matrix KΓγΓ′γ′(n−m) and
starting from some initial trial values of 〈QΓ′γ′(m)〉, the Hamiltonian (3.42)
can be diagonalized. New 〈QΓ′γ′(n)〉 can be obtained, which become the next
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initial values of an iterative procedure in which the outgoing values have to
be compared with the initial choice. This procedure ends when the new
〈QΓ′γ′(n)〉 are equal to the entry values in (3.39).
As for the single-site Hamiltonians, also the cooperative contribution is
here reported in the second quantization notation:
Hcoop =
1√
2
1√
h¯ω
1
ω
[
fyz
(
a†yz + ayz
)
+ fzx
(
a†zx + azx
)
+ fxy
(
a†xy + axy
)]
.
(3.43)
3.3 Distortions in PrO2 and UO2
It is now possible to analyse the nature of the distortions in rare earth dioxides
from a qualitative point of view. A quantitative calculation is performed in
Chap.5.
3.3.1 PrO2
The crystal structure of PrO2 is distorted both in the antiferromagnetic and
in the paramagnetic phase, as explained in Chap.2. When the temperature
raises, at TD = 120 K there’s a structural phase transition to a cubic phase.
These facts and, particularly, the permanent displacement of the oxygen cage
in the paramagnetic phase strongly indicate the presence of a cooperative in-
teraction among different sites. Moreover, the experimental measurements of
the ordered moment, the differential cross section and the observed distortion
suggest the existence of a Jahn-Teller interaction.
As seen in Chap.1, PrO2 has electronic multiplets characterized by Γ4,
Γ5 and Γ2 symmetries. Even if, in the antiferromagnetic phase, the mag-
netic exchange interaction removes the degeneracy of the Γ4 and Γ5 levels,
the energy difference of those levels is only few meV and an electron-phonon
interaction can always take place (pseudo Jahn-Teller effect). Excluding in-
teractions characterized by a totally symmetric mode, the electronic states
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Γ4 and Γ5 can interact with phonon modes of tetragonal (e) and trigonal
(t2) symmetries. The monoclinic displacement shown in Fig.2.3 can be in-
terpreted with the existence of distortions along the Qyz normal coordinate,
displayed in the left part of Fig.3.2.
In fact, the magnetic exchange interaction below TN has two components:
a) a primary component with a unit cell identical to the fluorite one and
moments in a direction perpendicular to the axis along which the cell is
doubled; b) a secondary component with a unit cell doubled with moments
oriented as one of the two configurations shown in Fig.2.4. For instance, if a
primary component with spins along z and a secondary component with spins
along y, as Fig.2.4(a), are considered, one obtains the magnetic structure
shown in Fig.3.4.
x
z y
Figure 3.4: The primary (left) and the secondary (right) components of the magnetic
structure of PrO2.
Each Pr4+ ion is subject to two components of a magnetic field. Hence,
introducing a vibronic coupling with a trigonal t2 mode, the crystal structure
is distorted as the Qyz normal coordinate (Fig.3.2, left side). The sign of
the distortion depends on the signs of the two magnetic components: the
situation is summarized in Tab.3.2, while the different 〈Qyz〉 are shown in
Fig.3.5.
The distortions in Fig.3.5 are relative to a single cell, while each O2−
ion belongs to four cubic cells. Therefore, an “effective” distortion will be
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Hy Hz 〈Qyz〉
+ + +
+ - -
- + -
- - +
Table 3.2: Signs of the distortion 〈Qyz〉 depending on the signs of the two magnetic
components.
1 12 2
3 3
4 4
5 56 6
77
88
x
z
y
Figure 3.5: Positive (left) and negative (right) 〈Qyz〉 distortions.
provided by the sum of the contributions coming from different cells. An
example of the calculation of such distortions is illustrated in App.D. Consid-
ering a cell with magnetic components on +y and +z directions, the effective
distortion is given by:
∆eff = 4(y1 + z2 − z3 + y4 − y5 + z6 − z7 − y8). (3.44)
The distortion (3.44) shown in Fig.3.6 just represents the “chiral” structure
found by Gardiner et al. and reported in Fig.2.3.
It is also possible to consider the other magnetic structure for the sec-
ondary component proposed by Gardiner et al. and shown in Fig.2.4(b). In
this case, a similar calculation of the effective distortion gives a superposition
of two “sheared” structures (see Fig.2.2) and the oxygen displacements of the
two structures are in mutually orthogonal directions. However, for sake of
simplicity, in the following only the magnetic structure depicted in Fig.2.4(a)
and, consequently, the “chiral” distortion will be considered. This one has
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1 2
34
5 6
7
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Figure 3.6: The “effective” distortion for a cell of PrO2 with magnetic components on +y
and +z directions.
the advantage of presenting the same symmetry for every PrO8 cage.
The cooperative interaction has to produce a distortion with the same
symmetry, hence 〈Qzx(m)〉 = 〈Qxy(m)〉 = 0. As a consequence, considering
the matrix elements Kγ,γ′(n−m), only the elements Kγ,yz(n−m) have to
be taken into account. Moreover, in order to have 〈Qzx(m)〉 = 〈Qxy(m)〉 = 0
after the diagonalization of the full Hamiltonian, the terms fzx and fxy (see
Eq.(3.43)) must be zero. Then only the term:
fyz(n) =
∑
m6=n
Kyz,yz(n−m)〈Qyz(m)〉 (3.45)
contributes to the cooperative interaction.
Let us consider, for instance, an n site system with 〈Qyz(n)〉 > 0 and let
us restrict our attention only to the cooperative interaction with its twelve
neighbors m sites: four of these have 〈Qyz(m)〉 = 〈Qyz(n)〉, eight 〈Qyz(m)〉 =
−〈Qyz(n)〉 and the expression (3.45) can be written as:
fyz(n) =
[
4∑
m+=1
Kyz,yz(n−m+)−
8∑
m−=1
Kyz,yz(n−m−)
]
〈Qyz(n)〉, (3.46)
where m+ labels the m sites for which 〈Qyz(m)〉 = 〈Qyz(n)〉 and m− those
for which 〈Qyz(m)〉 = −〈Qyz(n)〉.
It is convenient to introduce the quantity:
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Kyz(n) =
4∑
m+=1
Kyz,yz(n−m+)−
8∑
m−=1
Kyz,yz(n−m−). (3.47)
In terms of Kyz(n), the equation (3.46) becomes:
fyz(n) = Kyz(n)〈Qyz(n)〉 (3.48)
and the expression of the cooperative Hamiltonian (3.43) for PrO2 is:
Hcoop =
1√
2
1√
h¯ω
1
ω
[
Kyz〈Qyz〉
(
a†yz + ayz
)]
. (3.49)
It is evident that, in order to diagonalize the Hamiltonian (3.49), a self-
consistent procedure has to be followed. The procedure begins choosing a
value for the parameter Kyz and a starting value for the displacements 〈Qyz〉.
Then the eigenvalues E and the eigenvectors |E〉 of the total Hamiltonian
are obtained. The mean displacements at a certain temperature T can be
calculated following the expression:
〈Qyz〉 = 1√
2
√
h¯ω
ω
∑
E
〈
E
∣∣(a†yz + ayz)∣∣E〉e− EkT (3.50)
and the value obtained for 〈Qyz〉 is compared with the entry value. If dif-
ferent, the new value is put into (3.49) and a new calculation begins. The
procedure ends when the difference between the entry value and the calcu-
lated one is negligible (for instance, ∆〈Qyz〉/〈Qyz〉 < 10−6).
Qyz is a mass-weighted coordinate (see App.C). Choosing to write the
effective displacements in A˚ and the effective mass in atomic mass units
(amu), the unit of Qyz is:
[Qyz ] = A˚ amu
1/2.
Consequently, looking at expression (3.35) and writing energies in meV, the
unit for Kyz is:
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[Kyz] = meV/(amu A˚
2
).
The calculated 〈Qyz〉 should be divided by
√
Mt2 (Mt2 is the effective mass of
the t2 mode) to be compared with the experimental measurements. Unfortu-
nately, the effective mass for the t2 mode in Oh group is not known. In fact,
it depends on the elastic forces between the ions of the PrO8 cell. So only a
comparison of the qualitative behaviour of 〈Qyz〉 with the experimental one
can be done.
3.3.2 UO2
As outlined in Chap.2, the lattice structure of UO2 is well known in the
antiferromagnetic phase. There’s a 3-k distortion: every oxygen ion is dis-
placed along one of the diagonals of the cubic structure, as shown in Fig.2.5.
The symmetry of this distortion is compatible with the orientation of the
magnetic spins that are just along one of the diagonals of the cubic cell.
Figure 3.7: The 3-k magnetic structure of UO2.
However, the situation is not so clear in the paramagnetic phase. In
particular, it is not clear if a cooperative interaction plays a determinant role
as in PrO2. Therefore, we limit our analysis to the antiferromagnetic phase
and only the magnetic exchange interaction is considered as responsible of
the observed distortion.
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The crystal field applied on the ground state 3H ′4 gives rise to electronic
states characterized by Γ5, Γ3, Γ4 and Γ1 symmetries, with increasing en-
ergy. As for PrO2, in principle couplings with both tetragonal and trigo-
nal modes are possible. However, the measurements of transverse acoustic
phonon branches in UO2 [61] indicate that these phonon modes have a t2 sym-
metry. Moreover, the 3-k distortion of the lattice just suggests the prevalence
of a trigonal mode.
Below TN there is a local effective 3-k magnetic field with magnetic dipoles
pointing in the (1,1,1), (1,-1,-1), (-1,1,-1), (-1,-1,1) directions, as shown in
Fig.3.7. As a consequence, introducing the Jahn-Teller effect, four different
distortions can be obtained (see Fig.3.3).
Figure 3.8: The “effective” distortion for a cell of UO8 with magnetic moment in the
(1,1,1) direction.
In order to consider the “effective” distortion of a UO8 cage, the contribu-
tions coming from four different cells for each O2− ion have to be considered.
The explicit calculation of this effective displacement ∆eff is reported in
App.D. Considering a cell with a (1,1,1) magnetic field, it is:
∆eff = 4( +x1 + y1 + z1 + x2 + y2 − z2 − x3 + y3 − z3 − x4 + y4 + z4
−x5 − y5 + z5 + x6 − y6 − z6 − x7 − y7 − z7 − x8 − y8 + z8).
It represents just a 3-k distortion as shown in Fig.3.8.
Chapter 4
Computational procedure
4.1 The problem of diagonalization
In order to diagonalize the Jahn-Teller Hamiltonians, depending on the strength
of the coupling for each vibronic interaction, it is necessary to introduce a
number of phonons. The basis functions for the Hamiltonians here consid-
ered are the direct product of the eigenstates of the electronic Hamiltonian
(14 for PrO2 and 9 for UO2) and of the vibrational states. For example,
considering a (Γ4⊗ t′2)+(Γ5⊗ t′′2) interaction, the basis is given by expression
(3.33).
In order to analyse the regime corresponding to large values of the Huang-
Rhys factors, a high number of phonons has to be considered, as outlined in
Ref.[6]. Including NΓi phonons for each interaction, the phonon degeneracy
of a trigonal mode is:
NΓi∑
nyz=0
NΓi−nyz∑
nzx=0
NΓi−nzx−nyz∑
nxy=0
1 =
(NΓi + 1)(NΓi + 2)(NΓi + 3)
6
.
As an example, in Tab.4.1 the dimension of the matrix representing the total
Hamiltonian at increasing number of phonons is shown in the case of a two-
mode trigonal model for UO2.
In this way, one has to deal with matrices too large to be handled with
traditional techniques and an alternative approach has to be implemented.
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NΓ4 NΓ5 dim
1 1 144
3 3 3600
5 5 28224
7 7 129600
Table 4.1: Dimension of the total Hamiltonian of UO2 for different total numbers of
phonons on each interaction.
4.2 Lanczos method
One key feature of linear Jahn-Teller systems Hamiltonians is that they are
represented by sparse matrices. In this situation, the Lanczos-recursion pro-
cedure [38, 39] is a very convenient and powerful tool to determine with
high accuracy the vibronic states of interest, usually the lower ones. For
convenience, the main points of the Lanczos-recursion procedure are here
summarized. For more details, see for instance Refs.[46, 62].
Let us consider a quantum system described by an Hamiltonian H and
a number N of orthonormal basis states |φi〉. Lanczos-recursion procedure
allows to build a “chain” of orthonormal states |f0〉, |f1〉, · · · , |fN〉 which put
the original matrix in a tridiagonal form.
Starting from a normalized state |f0〉, whatever linear combination of
states |φi〉 is chosen, a new state is defined as:
|F1〉 = H|f0〉 − |f0〉〈f0|H|f0〉 = H|f0〉 − a0|f0〉 (4.1)
with a0 = 〈f0 |H| f0〉. The corresponding normalized state is:
|f1〉 = 1
b1
|F1〉, (4.2)
where b21 = 〈F1|F1〉. Then:
|F2〉 = H|f1〉− |f1〉〈f1|H|f1〉− |f0〉〈f0|H|f1〉 = H|f1〉− a1|f1〉− b1|f0〉 (4.3)
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with a1 = 〈f1 |H| f1〉. Carrying on this procedure, the following three-term
relation is obtained:
|Fn+1〉 = H|fn〉 − an|fn〉 − bn|fn−1〉, (4.4)
where an = 〈fn |H| fn〉 and b2n = 〈Fn|Fn〉.
The Hamiltonian H can be written on the basis |fn〉 as:
H =
N∑
n=0
an|fn〉〈fn|+
N∑
n=0
bn (|fn〉〈fn+1|+ |fn+1〉〈fn|) . (4.5)
and has a tridiagonal form:
H =


a0 b1 0 0 . . . 0
b1 a1 b2 0 . . . 0
0 b2 a2
. . . . . . 0
0 0
. . .
. . .
. . . 0
...
...
...
. . . aN−1 bN
0 0 0 0 bN aN


. (4.6)
One of the advantages of this procedure is that it is possible to obtain
the lower eigenvalues of the original Hamiltonian building a chain of states of
length Lc  N and diagonalizing the corresponding tridiagonal Hamiltonian
TLc .
However, Lanczos procedure presents some problems. Any computer
works with a finite precision, then it may happen that, after some steps,
Lanczos states are no more orthogonal to the previous ones. Due to the
rounding errors, “ghost states” (more or less accurate copies of a correct
state) can appear [63]. A variety of techniques have been proposed to sepa-
rate spurious states from “good” ones [56, 64].
A practical way to look at the spurious levels exploits the evaluation of
the convergence of the eigenvalues obtained after a finite number of recur-
sions by direct diagonalization of the corresponding Lanczos matrices. The
convergence of the spurious levels is, of course, much worse than the sur-
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rounding ones. In this framework, the residual vector test is particularly
relevant: for every eigenvalue Ei, the convergence parameter W (Ei, fLc) is
defined [56] as:
W (Ei, fLc) = |〈Ei|fLc〉|2, (4.7)
which corresponds to the square norm of the projection of the eigenstate
relative to Ei on the last state of Lanczos chain. It has been verified that, in
the range of converging eigenvalues, the spurious ones produce a much larger
value of W (Ei, fLc).
The residual vector test can be conveniently complemented by the initial
vector test, based on the quantity:
W (Ei, f0) = |〈Ei|f0〉|2. (4.8)
It has been noticed that, between two states almost equal in energy, the
spurious one produces a much smaller W (Ei, f0).
Another procedure to distinguish good eigenvalues exploits overrecursions
[65] and takes advantage of the loss of orthogonality in the Lanczos recursion
scheme. Let |fn1〉 be the first state in the chain not orthogonal to some (or all)
of the others. It can be thought that it is the initial state for a new recursion
procedure. In this way, at each loss of orthogonality a new recursion chain
starts. Actually this is a very powerful method for determining the “good”
eigenvalues: each true eigenvalue of the original problem is approximated
many times while the spurious one is not.
The eigenvectors are of course expressed on the basis of the chain states
|fn〉 and are in the form:
|E〉 =
∑
n
〈E|fn〉|fn〉, (4.9)
where the projections 〈fn|E〉 are provided by the diagonalization of TLc. Let
us remember that, for storage reason, in the three-term relation (4.4) not all
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the vectors |fn〉 are kept. So, in order to obtain explicitely the eigenvectors
|E〉, the states |fn〉 have to be regenerated with the same initial seed state
by a second Lanczos procedure (two-pass Lanczos) [66].
An alternative approach to the Lanczos recursion method, particularly
convenient when the number of recursions becomes too large, is constituted
by the continued fraction expansion of the diagonal Green function matrix
element G00(E), whose parameters are given by the coefficients (diagonal
and off-diagonal) of the Lanczos chain [40, 41]. The poles of the continued
fraction give the eigenvalues of the vibronic system and their residua give
the projected density of states which is immediately related to the optical
spectra or to the differential cross section.
4.3 The initial state
A crucial point to use efficiently the Lanczos-recursion procedure is the choice
of the initial state of the Lanczos chain. In principle, every linear combination
of the basis functions can be used, but a suitable choice of the seed state can
hugely simplify the calculations [46]. One of the quantities to be calculated
here is the partial differential cross section. Let us consider here a 3-k model;
then, in dipole approximation, the differential cross section can be put in the
form (see App.B):
d2σ
dΩdEk′
=
1
2
(
γe2
mec2
gJ
)2
F 2(κ)
k′
k
|〈E ′ |Jz|E〉|2δ(E ′ − E −∆E). (4.10)
Here |E〉 and |E ′〉 are the vibronic states involved in the transitions, Jz is the
component of the total angular momentum perpendicular to the scattering
vector Q, k and k′ are, respectively, the initial and final wavevectors of
the neutron beam, F (Q) is the magnetic form factor, ρE is the Boltzmann
population factor of the state |E〉, h¯ω is the neutron energy transfer (h¯ω =
h¯2
2m
(k′2 − k2)).
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Usually the experiments are performed at small Q where F 2(Q) ' 1. So
the key ingredient in the differential cross section (4.10) is the square modulus
of the matrix element, |〈E ′ |Jz|E〉|2, which requires the knowledge of the
vibronic functions |E〉 and |E ′〉. In principle, they could be evaluated through
a two-pass Lanczos carried out for all the states of interest. However taking
advantage of the freedom in the choice of the seed state of the recursion, the
following procedure turns out to be faster and more manageable.
Let |E〉 be the vibronic starting state for the transitions in study and
already determined by a two-pass Lanczos. In order to obtain the matrix
element of interest, it is convenient to choose as initial state of the new
Lanczos procedure:
|u0〉 = Jz|E〉√〈E |J2z |E〉 , (4.11)
that is the projected and normalized state through Jz. The matrix element
becomes:
〈E ′ |Jz|E〉 = 〈E ′|u0〉
√
〈E |J2z |E〉. (4.12)
Then the differential cross section is immediately given by means of
|〈E ′|u0〉|2, that is the modulus square of the projection on the initial state
of the Lanczos chain of the vibronic states of interest |Ψm〉. Hence, their
reconstruction is not necessary. Of course, this remains valid for whatever
component of the total angular momentum.
The experimental peak intensities of the differential cross section are given
by relations (11) or (14) given in App.B:
IE→E′ ∝ ρE |〈E ′ |Ji|E〉|2 , (4.13)
where the different components i = x, y, z have to be taken into account
depending on the direction of the magnetic moment.
Part II
Results
Chapter 5
Results for PrO2
In this chapter we analyse and discuss the results of the calculations for PrO2.
The main quantities to be compared with the experimental measurements are
the ordered magnetic moment below the Ne´el temperature, the differential
cross section and the lattice distortion.
Before the publication of the recent work of Gardiner et al. in 2004 [7],
no information was available about any distortion of the lattice of PrO2. The
ordered magnetic moment was estimated to be about µ = (0.68± 0.07) µB
from an analysis on single crystals [5] but its direction was not known. A re-
liable experimental measurement of the differential cross section [4] provides
information on the positions and the intensities of the transitions.
The single-centre model proposed by us [6] as starting point to analyse
the dynamical Jahn-Teller effect on this dioxide is consistent with these mea-
surements. In order to reproduce all the levels coming from the 2F multiplet,
J-mixing is considered, so spin-orbit interaction and crystal field are taken
on the same footing. The consequence is that vibronic couplings were consid-
ered both on Γ4 and Γ5 multiplets. The magnetic field is taken in the (1,1,1)
direction and its intensity is 0.5 meV, as suggested by Boothroyd et al. [4].
Since more recent measurements [7, 8] have indicated a more complex
situation concerning the orientation of the magnetic moments and the exis-
tence of distortions, the effective magnetic field cannot be taken simply in
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the (1,1,1) direction and the models for the Jahn-Teller interaction have to
be re-analysed also in presence of a cooperative effect.
The first step is, of course, the study of a Jahn-Teller interaction on a
single centre, neglecting the possible interactions with the other ones (“single-
centre” model). Hence, we consider phonon modes characterized by different
symmetry: tetragonal and trigonal modes, in one-mode and two-mode mod-
els. The single-centre model can give an estimation of the ordered magnetic
moment and of the differential cross section but it cannot explain the ob-
served distortion of the lattice below TD = 120 K and the fact that the
ground state of PrO2 is a doublet in the paramagnetic phase.
Then a “cooperative” model has been taken into account, in order to
interpret the distortion of the lattice. The purpose of this model is to give
a qualitative explanation of the distortion and its evolution increasing with
temperature until the structural phase transition is reached.
Different physical constants have to be fixed: the spin-orbit coupling con-
stant, the crystal-field parameters F4 and F6 defined by Bersuker [67] and the
energy of the phonon modes. For the spin-orbit coupling constant, the value
λ = 100.5 meV, as used in literature [4], is assumed. The crystal-field param-
eters influence mainly the separation of the levels and not the intensities of
the transitions. So they can be chosen at the beginning of the calculations in
order to reproduce the splitting of the eigenvalues. At first, they have been
chosen equal to 265.8 meV and 134.3 meV, respectively [49]. Currently, there
are neither experimental measurements nor theoretical calculations available
for the phonon branches in PrO2. However, the existence of a broad band
centred at about 25 meV in the experimental spectra of the differential cross
section [4] suggests an energy range of about 10 − 60 meV for the phonon
modes involved in the Jahn-Teller coupling.
The vibronic constants, the magnetic intensities h1 and h2 defined in
Chap.1 and the constants of the cooperative interaction will be chosen to
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obtain a good agreement with the ordered moment, the differential cross
section and the experimental distortions.
5.1 Single-centre models
Different vibronic models with electrons interacting with distortions of e
and t2 symmetries have been analysed. The broad band centred at 25 meV
(see Fig.2.1) suggests the existence of more than one active mode. Even if
the symmetry of the distortion indicates the prevalence of a trigonal mode,
tetragonal modes can be explored at least in a single-centre model. So the
following systems have been studied: (Γ4+Γ5)⊗e, (Γ4+Γ5)⊗t2 (single-mode
models) and (Γ4 ⊗ t′2) + (Γ5 ⊗ t′′2) (two-mode model).
For each model the functions are allowed to span a vibronic space includ-
ing up to a total number N of vibrational quanta for each vibronic interaction.
Stability of the solution has been tested with respect to the number of vi-
brational quanta N , requiring energy differences less than 0.5 percent going
from N to N + 1 for the eigenvalues of interest. In practice, the maximum
total number of phonon needed has been N = 20.
5.1.1 (Γ4 + Γ5)⊗ e interaction model
The vibronic levels of Pr4+ ion for this model have been obtained considering
the Hamiltonians (1.3) and (3.14), where the two levels of T symmetry are
the Γ4 and Γ5 levels. The same coupling constant Se for the Jahn-Teller
interaction both on Γ4 and Γ5 multiplets has been used, taking Se = Se(Γ4) =
Se(Γ5). Firstly, the behaviour of the vibronic energy levels at different Jahn-
Teller energies (0 < Se < 1) and at different values of h¯ωe in the range
10-60 meV has been followed. Trial values of h1 and h2, near to the value
previously used by Boothroyd et al. [4], (h1 = 0.5 meV, h2 = 0.2 meV) have
been chosen.
Looking at the energies and at the peak intensities of the obtained vi-
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bronic levels, we notice two main transitions shifted by about 130 meV and
identified, for Se → 0, with E0 and E1 levels (see Chap.1). In the middle, a
lot of vibronic levels have been found and one of them, having a not negligible
peak intensity (but always very weak), is shifted by about 25 meV from the
first line, a distance comparable with the experimental value of the centre of
the broad band extending from 10 to 80 meV. In the next, this intermediate
vibronic level will be called Eint.
Moreover, it has been found that the energy of the phonon mode influ-
ences the energy separation of Eint level from the first transition, while the
Jahn-Teller energy influences particularly the peak intensity of the transi-
tions. However, whatever phonon energies and coupling strengths are con-
sidered in the calculations, the relative peak intensity of the intermediate
vibronic state remains about 10−2, too weak to be compared with the exper-
imental spectra.
Hence, the e mode can to be discarded as the only or main responsible
mode for Jahn-Teller coupling in this system.
5.1.2 (Γ4 + Γ5)⊗ t2 interaction model
This system is described by the Hamiltonians (1.3) and (3.31). As for the
previous model, the energy of the t2 phonon mode has been changed in the
range 10 and 60 meV and the behaviour of the vibronic energy levels are
followed as the Huang-Rhys factor St2 is growing from zero until St2 = 1,
taking St2 = St2(Γ4) = St2(Γ5). As for the e mode, the trial values of the
magnetic intensities are chosen to be: h1 = 0.5 meV, h2 = 0.2 meV. The
calculations are performed taking T = 10 K. As for the study of the e mode,
also in this case it is possible to obtain two main lines separated by about 130
meV and different intermediate vibronic levels. Among them, there is a level
(Eint), having significant intensity, near 25 meV from the first transition. The
intensity of this intermediate level, shown in Fig.5.1, is higher than the one
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Figure 5.1: Trigonal one-mode model: peak intensities of the lower vibronic levels at
T = 10 K as a function of St2 ; h1 = 0.5 meV, h2 = 0.2 meV, h¯ωt2 = 30 meV.
calculated for the e mode and this fact confirms that in PrO2 the dominant
interaction is a t2 mode. It is worth noticing that there is a wide range of
values of St2 (0.1 < St2 < 0.3) for which the relative peak intensities are
comparable with the experimental ones.
Furthermore, as regards to the parameters h1 and h2, let us remember
that the magnetic exchange interaction is a pure electronic interaction, so it
has to be expected that h1 and h2 do not influence in a significant way the
energies and the intensities of the transitions responsible of the broad band
(of vibronic nature) and the excitation spectra. This prediction has been
verified looking at the behaviour of the peak intensities of the lower vibronic
levels as a function of h1 (h2) taking h2 (h1) and the Jahn-Teller coupling
at a fixed value. This means that St2 is the most important parameter to
determine the main features of the differential cross section.
However, h1 and h2 play an important role in the calculation of the or-
dered magnetic moment. Since the experiments provide 〈µ2〉exp < 〈µ1〉exp, we
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Figure 5.2: Trigonal one-mode model: behaviour of the total magnetic moment 〈µ〉 at
T = 2 K, as function of h1 = h2 for different values of St2 ; h¯ωt2 = 30 meV.
expected that h2 < h1. Moreover, as well known (see, for instance, Ref.[68]),
the Jahn-Teller effect reduces the mean value of an electronic operator, so it
is expected that the computation of the ordered magnetic moment is depend-
ing on the strength of the vibronic coupling. As a first step, for a qualitative
analysis of this dependence, it is possible to take the same values for the
two components of the magnetic exchange interaction, h1 = h2 = h, and
study the behaviour of the total magnetic moment 〈µ〉 when St2 or h are
varied. In Fig.5.2, 〈µ〉 is shown for different values of the Huang-Rhys fac-
tor St2 as a function of h1 = h2 and for a phonon energy equal to 30 meV.
The horizontal line represents the experimental value of the total magnetic
moment. Looking at the behaviour of 〈µ〉 as a function of h for increasing
values of the vibronic coupling constant, it is evident that the Jahn-Teller
effect reduces the magnetic moment. Moreover, a right value of the ordered
magnetic moment can be obtained with different values of h using different
values of the strength of the vibronic coupling and also without a vibronic
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Figure 5.3: Trigonal one-mode model: behaviour of 〈µ1〉, 〈µ2〉 and 〈µ〉 at T = 2 K as
function of h1 with h2 = 0.07 meV; St2(Γ4) = St2(Γ5) = 0.25, h¯ωt2 = 30 meV.
coupling. However, the measured differential cross section shows clearly a
Jahn-Teller effect.
Then, once verified the link between St2 and h, in order to proceed in the
calculations, a value of St2 has to be determined and so the related values
of h1 and h2. Looking at the intensities of the elastic peak and of the one
at 130 meV, a good agreement with the relative experimental intensities
can be reached choosing St2 = 0.25. Having fixed this value for St2 , it is
possible to study the behaviour of the ordered magnetic moment at T = 2
K in more details. Firstly, reasonable values of the two components of the
magnetic exchange interaction have to be estimated. For this purpose, it
is convenient to study the behaviour of the two components of the ordered
magnetic moment, 〈µ1〉 and 〈µ2〉 as functions of h1 and h2. Fig.5.2 suggests
values for h1 and h2 near to 0.1 meV. Then 〈µ1〉 and 〈µ2〉 have been calculated
as a function of h1 with different fixed values of h2, ranging from 0.05 meV to
0.2 meV. For h2 = 0.07 meV it has been possible to obtain an unique value of
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Figure 5.4: Trigonal one-mode model: differential cross section at T = 10 K; h1 = 0.12
meV, h2 = 0.07 meV, St2(Γ4) = St2(Γ5) = 0.25, h¯ωt2 = 30 meV.
h1 (h1 = 0.12 meV) able to give a good agreement in the experimental values
of 〈µ1〉 and 〈µ2〉, as can be seen in Fig.5.3. In this figure, the behaviour of
〈µ1〉, 〈µ2〉 and 〈µ〉 is shown as a function of h1 with h2 = 0.07 meV, St2 = 0.25
and h¯ωt2 = 30 meV. The values obtained for the magnetic moment and
its components are 〈µ1〉 = 0.64 µB, 〈µ2〉 = 0.35 µB and 〈µ〉 = 0.73 µB
to be compared with the experimental values 〈µ1〉exp = (0.65 ± 0.02)µB,
〈µ2〉exp = (0.35± 0.04)µB.
Using these same values for St2 , h1 and h2, the differential cross section
is calculated and it is shown in Fig.5.4. The calculated spectrum is a reliable
reproduction of the first experimental peak but it is centred just at the origin
and not at 3 meV as in the work of Boothroyd et al. [4]. The peak at 130
meV is well reproduced. In the intermediate region, there is a peak near 25
meV and another one of higher intensity at about 35 meV; other peaks of
lower intensities are at higher energies.
In the experimental spectrum (Fig.2.1), the broad band centred at 25
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Figure 5.5: Trigonal two-mode model: peak intensities of the lower vibronic levels at
T = 10 K as a function of St2 ; h1 = 0.5 meV, h2 = 0.2 meV, h¯ωt2 = 30 meV.
meV and extending from about 10 to 80 meV suggest the existence of many
other transitions. Probably a multi-mode interaction model could better
reproduce this experimental spectrum.
5.1.3 (Γ4 ⊗ t′2) + (Γ5 ⊗ t′′2) interaction model
The results presented here are obtained considering the Hamiltonians (1.3)
and (3.32). As before, the energy of the t2 phonon mode has been changed in
the range from 10 and 60 meV and the behaviour of the vibronic energy levels
are followed as the Huang-Rhys factor St2 is growing from zero to St2 = 1,
taking h¯ωt2 = h¯ωt′2 = h¯ωt′′2 and St′2(Γ4) = St′′2 (Γ5). Calculations are performed
taking T = 10 K with trial values of h1 = 0.5 meV and h2 = 0.2 meV (the
same taken at the beginning of the previous subsection). As in the previous
model, the energy of the phonon mode modifies the energy separations of the
transitions and the strength of the coupling influences their intensities.
As for the single-mode model, also in this case it is possible to obtain
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Figure 5.6: Trigonal two-mode model: behaviour of 〈µ1〉, 〈µ2〉 and 〈µ〉 at T = 2 K as
function of h1 with h2 = 0.08 meV; St′
2
(Γ4) = St′′
2
(Γ5) = 0.2, h¯ωt2 = 30 meV.
two main lines separated by about 130 meV and many intermediate vibronic
levels. Again, in order to obtain agreement with the measured spectra also
in the intermediate region, the phonon energy has to be chosen in the range
30− 40 meV. In Fig.5.5, using h¯ωt2 = 30 meV, it is shown how the relative
peak intensities of E0, E1 and Eint are influenced by the strength of the
phonon coupling.
Differently from the single-mode model, where there is a wide range in
which the intensity of Eint is not weak, in this model the intensity of the
intermediate peak starts from zero for St2 → 0, has a maximum at about
St2 = 0.2 and then decreases for higher values of the Huang-Rhys factor.
This fact suggests to take St2 in correspondence of the point of maximum for
the intensity of Eint, that is St2 = 0.2.
Taken this value, the next step is to calculate the ordered magnetic mo-
ment at T = 2 K. The procedure is similar to the one described in the single-
mode model. In Fig.5.6, at a fixed value h2 = 0.08 meV, the behaviour of
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Figure 5.7: Trigonal two-mode model: differential cross section at T = 10 K; h1 = 0.14
meV, h2 = 0.08 meV, St′
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(Γ4) = St′′
2
(Γ5) = 0.2, h¯ωt′
2
= h¯ωt′′′
2
= 30 meV.
〈µ1〉, 〈µ2〉 and 〈µ〉 as a function of h1 is shown.
The best agreement with the experimental measurements is reached in
correspondence of h1 = 0.14 meV. The explicit calculations using h1 = 0.14
meV and h2 = 0.08 meV give 〈µ1〉 = 0.65 µB, 〈µ2〉 = 0.34 µB. With these
new values of h1 and h2, the intensities of the main peaks of the spectrum
have been recalculated as a function of St2 . A similar behaviour to the one
displayed in Fig.5.5 has been obtained, with a maximum for the intermediate
peak for about St2 = 0.2, therefore confirming that the main influence on the
transitions and their intensities comes from the Jahn-Teller coupling.
Finally, the differential cross section at T = 10 K has been calculated
and it is shown in Fig.5.7. Unlikely the single-mode model, several peaks
grow up in the intermediate region between the two main peaks at the origin
and at 130 meV. The situation is quite better than in the single-mode model
because many peaks in the range 10− 60 meV are found, producing a more
similar situation to the experimental broad band. So the two-mode model
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seems to be more appropriate to describe the experimental measurements.
However, the main peak in Fig.5.7 is again centered at the origin, rather than
at 3 meV as in the experimental spectrum.
Another problem not solved with these single-site models is the degen-
eracy of the ground state above TN . In absence of a magnetic exchange
interaction, it would be four-fold degenerate, even in presence of a single-
site vibronic coupling. Instead, experimental measurements of the specific
heat capacity [7] show that it is split into two doublets. The introduction of
cooperative effects will explain this point.
5.2 Cooperative model
The study of the distortion of the oxygen cage requires the introduction of
the cooperative Hamiltonian (3.49) and the calculation of the mean displace-
ments (3.50). We have found too difficult to analyse a two-mode model for
the Jahn-Teller contribution to the cooperative Hamiltonian. In fact, it is
not simple to reach a convergence in the self-consistent procedure required in
the calculation of two distinct displacements 〈Qyz〉. So, for sake of simplicity,
in order to study the Jahn-Teller Hamiltonian in these polycentre systems, a
single-mode vibronic model (Γ4 + Γ5)⊗ t2 has been considered, because the
main features of the experimental cross section and the reduced magnetic
moment have been reproduced also within this simple model, as exposed in
the previous section. Since the introduction of the cooperative interaction
modifies the total Hamiltonian of the system, it is expected that the param-
eters already introduced in the single-centre model (the vibronic coupling
constants, the intensities of the magnetic interaction and the crystal-field
parameters) have, in some extent, to be changed. However, in the next cal-
culations the starting values of such parameters are equal to those taken in
the previous model.
The first step in this study is the analysis of the behaviour of the mean
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Figure 5.8: Mass-weighted 〈Qyz〉 distortion as function of the temperature for different
values of Kyz with St2(Γ4) = St2(Γ5) = 0.2, h¯ωt2 = 30 meV, F4 = 265.8 meV, F6 = 134.3
meV.
displacement of the oxygen cage as function of temperature. Then, for dif-
ferent values of the cooperative parameters and of the Jahn-Teller coupling
constants, the differential cross section and the magnetic moment are again
calculated.
5.2.1 Distortion of the lattice
Gardiner et al. [7] measured a distortion of the lattice δeff = 0.073 A˚ at
T = 20 K and found a transition temperature TD = 120 K for the structural
phase transition.
At the beginning, the analysis of the behaviour of 〈Qyz〉 as a function of
the temperature has been carried out. In these calculations, the contribution
of the local magnetic field has been chosen with trial values for h1 and h2
(for instance, the same values used in the single-centre model), because we
expect that these parameters are not relevant in all the phenomena involving
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Figure 5.9: Mass-weighted 〈Qyz〉 distortions as function of the temperature for different
values of St2 = St2(Γ4) = St2(Γ5) with h¯ωt2 = 30 meV, Kyz = 160 meV/(amu A˚
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F4 = 265.8 meV, F6 = 134.3 meV.
the ionic motion. Anyhow, it has been verified that, in the antiferromagnetic
phase, the calculated displacements, do not change significatively with h1
and h2.
In order to obtain a first qualitative behaviour of the mean displacement,
the values of the Jahn-Teller constants and of the crystal-field parameters
can be chosen as in the two-mode single-centre model. Then the phonon
energy is fixed at the usual value of 30 meV, the vibronic constants are taken
St2(Γ4) = St2(Γ5) = 0.2 and different values of the cooperative constants
Kyz = Kyz(Γ4) = Kyz(Γ5) are explored at different temperatures. The mean
displacements calculated as function of T are reported in Fig.5.8. The be-
haviour of 〈Qyz〉(T ) is flat for small values of T ; it decreases at T ∼ 20−30 K
and then goes fast to zero near to a certain temperature, interpreted as a tran-
sition temperature from a distorted to an undistorted phase. This behaviour
is similar to that found for other cooperative Jahn-Teller systems studied in
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literature [2, 59]. Increasing the value of the cooperative constant Kyz, 〈Qyz〉
grows up and the structural phase transition temperature is higher. In the
analysed case, we have TD = 120 K for Kyz ' 166 meV/(amu A˚2).
Of course, we expect that also the vibronic coupling constants influence
the value of the mean displacement. In order to analyse how 〈Qyz〉(T ) de-
pends on St2 , new calculations have been done for different values of St2 ,
choosing Kyz = 160 meV/(amu A˚
2). The results obtained are shown in
Fig.5.9. It can be noticed that higher values of 〈Qyz〉(T ) correspond to higher
values of the coupling constant.
St2(Γ5)
St2(Γ4) 0.0 0.2 0.4 0.6 0.8 1.0
0.0 204 195 187 179 171
0.2 185 166 156 148 141 134
0.4 173 147 139 132 126 120
0.6 149 133 126 120 115 110
0.8 136 123 116 111 106 102
1.0 125 113 108 103 99 95
Table 5.1: Values of Kyz for which 〈Qyz〉(T ) ' 0 at T ' 120 K in correspondence of
couples of St2(Γ4) and St2(Γ5); h¯ωt2 = 30 meV, F4 = 265.8 meV, F6 = 134.3 meV.
If now St2(Γ4) is taken different from St2(Γ5), different values of the co-
operative constants are expected. In Tab.5.1 the values of Kyz for which
〈Qyz〉(T ) ' 0 for T ' 120 K are reported.
5.2.2 The differential cross section
It is expected that in this polycentre model the common parameters to the
single-centre model have, to some extent, to be changed. Taking into account
the results of the previous subsection (summarized in Tab.5.1), the vibronic
and cooperative parameters have to be chosen in order to reproduce the
differential cross section measured at T = 10 K and shown in Fig.2.1. As
usual, at the beginning it is convenient to study the intensities of three main
transitions: the elastic one (E0), the intermediate (Eint) at about 25 meV and
70 Chapter 5: Results for PrO2
0 0.2 0.4 0.6 0.8 1
St2 (Γ5)
0
0.05
0.1
0.15
0.2
In
te
ns
ity
 (a
.u.
)
I(E0)
I(Eint)
I(E1)
Figure 5.10: Cooperative model: intensities of the main peaks from 0 to 130 meV at
T = 10 K; h1 = 0.5 meV, h2 = 0.2 meV, St2(Γ4) = 0.2, h¯ωt2 = 30 meV. Kyz is such that
〈Qyz〉(T ) = 0 for T ' 120 K as displayed in Table 5.1; F4 = 265.8 meV, F6 = 134.3 meV.
that to the first excited multiplet (E1) at about 130 meV. For the calculation
of the differential cross section, the relation (12) of App.B is adopted.
In order to study separately the effect of St2(Γ4) and St2(Γ5) on the in-
tensities of the peaks of interest, it is useful to fix one of the two vibronic
coupling constants and follow the behaviour of the intensities as a function
of the other one. So two different calculations have been done. At the be-
ginning, as in a single-centre model, it has been verified that the parameters
h1 and h2 do not influence largely the behaviour of the intensities of the
transitions in the magnetic excitation spectra. So, in the calculation of the
differential cross section, following a similar procedure as in the previous
section, the trial values h1 = 0.5 meV and h2 = 0.2 meV have been tested
and the cooperative constant Kyz has been chosen in such a way to have
〈Qyz〉(T ) = 0 for T ' 120 K according to Tab.5.1.
In Fig.5.10, the behaviour of the intensities of these peaks is reported
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Figure 5.11: Cooperative model: intensities of the main peaks from 0 to 130 meV at
T = 10 K; h1 = 0.5 meV, h2 = 0.2 meV, St2(Γ5) = 0.2, h¯ωt2 = 30 meV. Kyz is such that
〈Qyz〉(T ) = 0 for T ' 120 K as displayed in Table 5.1; F4 = 265.8 meV, F6 = 134.3 meV.
as a function of St2(Γ5), taking St2(Γ4) = 0.2. In Fig.5.11, the behaviour
of the intensities of the same transitions is shown as a function of St2(Γ4),
taking St2(Γ5) = 0.2. Looking at Fig.5.10, one can see that, when the value
of St2(Γ5) increases, the intensity of the peak at the origin prevails over
the one at 130 meV. Then “large” values of St2(Γ5) have to be expected
(St2(Γ5) > 0.5). Instead, in Fig.5.11, when the value of St2(Γ4) increases, the
intensity of the peak at 130 meV becomes higher than that of the “elastic”
peak, in contrast with the experimental situation. We therefore expect that
“small” values of St2(Γ4) are more adequate: St2(Γ4) < 0.2.
These facts suggest that different values for St2(Γ4) and St2(Γ5) have to be
chosen. A possible choice has been found to be: St2(Γ4) = 0.1 and St2(Γ5) =
0.8. In the same time, it is convenient to check to what extent the calculated
spectrum depends on the cooperative effects, that is on the value of Kyz. In
effect, the value of Kyz has been determined from the structural transition
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Figure 5.12: Cooperative model: intensities of the main peaks from 0 to 130 meV at
T = 10 K; h1 = 0.5 meV, h2 = 0.2 meV, St2(Γ4) = 0.1, St2(Γ5) = 0.8, h¯ωt2 = 30 meV,
F4 = 265.8 meV, F6 = 134.3 meV.
temperature, much higher than the temperature at which the measurement
of the differential cross section has been performed (T = 10 K). Having fixed
the Huang-Rhys factors, a study of the behaviour of the intensities of the
main peaks for different values of the cooperative parameter Kyz has been
performed.
In Fig.5.12, it is shown the behaviour of the three peaks (E0, Eint and
E1) as a function of Kyz. It is evident that, when the value of Kyz increases,
the intensity of the first transition slightly increases and the excited E1 level
decreases of few percent. On the contrary, the intensity of the intermedi-
ate peak looks like much more sensitive to the cooperative interaction and
decreases (with Kyz) in a significant way. As it can be seen, the relative
intensities of the calculated peaks satisfactory agree with the experimental
results for higher values of Kyz, Kyz > 150 meV/(amu A˚
2
), as also shown by
Tab.5.1. This means that a very small variation of the cooperative constant
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determined at low temperature has to be expected.
Finally, the crystal-field parameters have to be updated in order to re-
produce the experimental separations between levels. In effect, it is ex-
pected that cooperative effects influence the crystal-field parameters more
than Jahn-Teller effect. Maintaining St2(Γ4) = 0.1 and St2(Γ5) = 0.8, the
best agreement is obtained for F4 = 228 meV and F6 = 140 meV, slightly
different from the values adopted in the previous calculations. A value of Kyz
which well reproduces the intensities of the peaks is Kyz = 158 meV/(amu
A˚2).
5.2.3 Ordered magnetic moment
Another quantity to be calculated is the ordered magnetic moment in the
antiferromagnetic phase. Gardiner et al. [7] measured two components of the
magnetic moment at T = 2 K: 〈µ1〉 = (0.65± 0.02) µB and 〈µ2〉 = (0.35 ±
0.04) µB. With the vibronic and cooperative parameters which describe the
differential cross section calculated in the previous subsection, it is possible
to study the behaviour of 〈µ1〉, 〈µ2〉 and 〈µ〉 for different values of h1 and
h2. Again, the trail values h1 = 0.5 meV and h2 = 0.2 meV are the starting
point. Taken h1 = 0.5 meV and changing h2 in the range from 0 to 2 meV,
no agreement with the experimental values of 〈µ1〉 and 〈µ2〉 can be obtained.
At the contrary, taken h2 = 0.2 meV and varying h1 in the range from 0 to
2 meV, it is possible to reach agreement with the ordered magnetic moment,
as it can be seen from Fig.5.13, where the behaviour of 〈µ1〉, 〈µ2〉 and 〈µ〉 is
shown as a function of h1.
Choosing h1 = 1.4 meV and h2 = 0.2 meV, 〈µ1〉 ' 0.65 µB and 〈µ2〉 '
0.36 µB are obtained, in excellent agreement with the experimental measure-
ments of Gardiner et al.
74 Chapter 5: Results for PrO2
0 0.5 1 1.5 2
h1 (meV)
0
0.2
0.4
0.6
0.8
M
ag
ne
tic
 m
om
en
t (
µ B
)
<µ1>
<µ2>
<µ>
  µ1 exp
  µ2 exp
  µ
exp
Figure 5.13: Cooperative model: behaviour of 〈µ1〉, 〈µ2〉 and their modulus at T = 2
K as function of h1 with h2 = 0.2 meV, St2(Γ4) = 0.1, St2(Γ5) = 0.8, h¯ωt2 = 30 meV,
Kyz = 158 meV/(amu A˚
2
).
5.2.4 The final spectrum
With the same choice of the crystal-field parameters, vibronic and coopera-
tive constants as in the previous section and with h1 = 1.4 meV and h2 = 0.2
meV, the differential cross section shown in Fig.5.14 is obtained.
A first point to be underlined is the presence of a transition at about
3 meV, as experimentally observed. As shown in Fig.5.14, the intensity of
the contribution at 3 meV is higher than that of the one at the origin. So
the main peak is centred at about 3 meV and this cannot be obtained with
single-site models. The peak at 130 meV is reproduced too, even if with a
little higher intensity than the one in the experimental spectrum. There are
several peaks in the intermediate region and they have decreasing intensity
moving towards higher energies.
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Figure 5.14: Cooperative model: differential cross section at T = 10 K; h1 = 1.4 meV,
h2 = 0.2 meV, St2(Γ4) = 0.1, St2(Γ5) = 0.8, h¯ωt2 = 30 meV, Kyz = 158 meV/(amu A˚
2
),
F4 = 228.0 meV, F6 = 140.0 meV.
5.2.5 The ground state for T > TN
Another point to be investigated is the degeneracy of the ground state in
the paramagnetic phase. Gardiner et al. [7] found that the ground state is
a doublet for T > TN from a measurement of the specific heat capacity. In
absence of a magnetic exchange interaction, the reason for the splitting of
this state (four-time degenerate) into two doublets is not clear. In fact, the
single-site Jahn-Teller coupling is not able to reproduce such a separation.
On the contrary, it has been verified that the cooperative interaction just
splits the ground level into two doublets. In Fig.5.15, it is reported the
behaviour of the energy levels coming from the ground state including a co-
operative interaction. Two levels come out for values of coupling cooperative
constant fyz, see (3.45), different from zero. For Kyz = 158 meV/(amu A˚
2
)
(value adopted for the final spectrum), a splitting of ∆E ' 20.2 meV is
found.
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Figure 5.15: Cooperative model: the splitting of the ground state at T = 20 K for
St2(Γ4) = 0.1, St2(Γ5) = 0.8, h¯ωt2 = 30 meV, F4 = 228.0 meV, F6 = 140.0 meV.
It is evident from Fig.5.15 that the ground level is split into two levels,
which just correspond to two doublets. In fact, adding a little perturbation
(for instance, a magnetic field) to the system, other two states come out from
each one of the two levels.
Chapter 6
Results for UO2
In UO2, we have analysed only single-centre models. In the paramagnetic
phase, few informations are available about the distortion of the crystal and
we have preferred to avoid to explore cooperative theoretical models without
knowing accurately the experimental situation. The main quantities that we
have calculated and compared with the experimental measurements are the
ordered magnetic moment in the antiferromagnetic phase and the differential
cross section in the range from 150 to 190 meV.
The energy separation between the Γ5 ground level and the Γ4 excited one
is about 160 meV, a very large value compared to the energy of the transverse
acoustic phonon mode (h¯ω ≈ 10 meV at the border zone) [61]. Therefore, it
is expected that a Jahn-Teller coupling on the Γ4 multiplet does not influence
in a significant way the vibronic state coming from the Γ5 multiplet. On the
other hand, the calculation of the ordered magnetic moment requires the
knowledge of the lowest vibronic states [35] so, for the purpose to calculate
the ordered magnetic moment, we have found convenient, as a starting point,
to consider a Jahn-Teller coupling active only on the Γ5 state. Then, in order
to reproduce the experimental differential cross section [15] which extends in
a large range of energy, the vibronic coupling is introduced on the Γ4 level
too.
In this system, the Jahn-Teller active modes have a1, e, and t2 symme-
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tries, as already discussed. The totally symmetric mode a1 is neglected here.
A tetragonal e mode, for its simplicity, was taken into account by Sasaki and
Obata [11] in order to describe the paramagnetic susceptibility and recently
by Kolberg et al. [69] in order to interpret their measurements in mixed
uranium-plutonium dioxides. However, a trigonal mode looks like more ap-
propriate for a 3-k structure [19], so a vibronic coupling among Γ5 and Γ4
symmetries orbital-states and a t2 vibrational mode is here considered.
It is worth noticing that, in absence of a Jahn-Teller coupling, the mag-
netic exchange interaction produces in each sublevel a certain mixing of the
Γi states (i = 5, 3, 4, 1). However, for the h values suggested in the literature
for this system [15], the component given by crystal-field contribution largely
predominates. Then, for sake of simplicity, in the following we will continue
to speak of Γi levels.
We considered here different vibronic models. In the first of them, the
Jahn-Teller interaction is considered only on the Γ5 ground state. After, the
coupling on the Γ4 state is added: a single mode (Γ4 + Γ5) ⊗ t2 is studied
first; then, a two-mode (Γ4 ⊗ t′2) + (Γ5 ⊗ t′′2) is analysed.
The phonon energy is taken at h¯ωt2 = 10 meV. The Huang-Rhys factors
and the intensity of the local effective magnetic field are chosen in order to
reproduce the value of the ordered moment and the differential cross section.
The crystal-field parameters are updated, if necessary, in order to better
reproduce the energy separations between the levels.
6.1 Γ5 ⊗ t2 interaction model
The calculations reported in this section have been carried out including the
electronic Hamiltonian (1.10), the lattice contribution (3.28) and the vibronic
term (3.29), where the triply-degenerate electronic state T is the Γ5 multiplet.
We have chosen the crystal-field parameters W = 4.557 meV and x = 0.875,
in such a way to reproduce the experimental energy separation among the
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Figure 6.1: One-mode model: behaviour of the ordered magnetic moment at T = 4.2 K
as a function of h for different values of St2(Γ5); h¯ωt2 = 10 meV.
Γ5 ground level and the Γ3, Γ4 and Γ1 excited ones (in meV, they are 152.4
± 0.2, 162.2 ± 0.6, 173.7 ± 0.7, 183.0 ± 1.2, respectively) [15]. As expected,
since here the crystal-field effect is relevant in determining the scale of the
splittings, these values of W and x agree with the corresponding quantities
given in the literature [15] without a dynamical Jahn-Teller coupling.
We have calculated the ordered magnetic moment 〈µ〉 at T = 4.2 K
as a function of h for different values of strength of the coupling St2(Γ5).
The results obtained are summarized in Fig.6.1, where the horizontal line
corresponds to the experimental value 〈µ〉 = 1.74 µB.
Looking at this figure, for h = 0.28 meV a right value of the ordered
magnetic moment can be achieved also without Jahn-Teller coupling, due to
the mixing of the crystal-field levels. However, in the range of h suggested by
Amoretti et al. [15], (in meV, 1 ≤ h ≤ 1.6), a vibronic coupling with 0.17 ≤
St2(Γ5) ≤ 0.26 has to be considered in order to reproduce the experimental
value of the ordered magnetic moment. Taking h = 1.3 meV, the proper
value of St2(Γ5) is 0.213. We notice that there is a competition between the
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h (meV) St2(Γ5)
0.28 0.000
0.40 0.050
0.60 0.105
0.80 0.145
1.00 0.173
1.20 0.200
1.40 0.225
1.60 0.255
1.80 0.285
2.00 0.315
Table 6.1: Values of h and St2(Γ5) giving 〈µ〉 = 1.74 µB . .
effect of the local magnetic field and that of the vibronic interaction; the first
one tends to increase 〈µ〉 and the splitting of the levels; on the contrary, a
larger vibronic interaction, higher St2(Γ5), tends to approach the levels and
to quench 〈µ〉. In Tab.6.1 some values of h and the related St2(Γ5) values are
displayed.
Then, the differential cross section has been calculated. We have verified
that, as expected, the experimental energy transitions and the peak intensi-
ties of the neutron spectra cannot be reproduced whatever the parameters
are chosen in the range allowed, so confirming the opportunity to consider
a Jahn-Teller coupling also on the Γ4 multiplet, as shown in the following
section.
6.2 (Γ4 + Γ5)⊗ t2 interaction model
In this model, we have considered the Jahn-Teller interaction active on the Γ4
level too. In addition to the electronic term (1.10), Hamiltonian (3.31) (now
T1 and T2 are just Γ4 and Γ5) has been considered in order to calculate the
vibronic levels and the differential cross section. The crystal-field parameters
have been fixed under the hypothesis of the previous section.
We analyse the behaviour of the intensities of the main transitions from
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Figure 6.2: One-mode model: differential cross section at T = 6.5 K; h = 1.3 meV,
St2(Γ4) = 0.7, St2(Γ5) = 0.213, h¯ωt2 = 10 meV.
the ground vibronic multiplet to the excited ones associated to Γ4 and Γ3
states for various values of St2(Γ4), ranging from St2(Γ4) = 0 to St2(Γ4) = 1;
h¯ωt2 and St2(Γ5) take the same values as in the previous section.
The best agreement with the experimental spectrum is found for St2(Γ4) =
0.7 and the crystal-field parameters that better reproduce the energy sepa-
rations among the main transitions are W = 4.2 meV and x = 0.845. This
variation of few percent in the crystal-field parameters produces a variation
of per thousand in the ordered magnetic moment, not significant, as on the
other hand expected in the literature [16]. The calculated differential cross
section is shown in Fig.6.2.
The peak at about 152 meV is well reproduced and two main levels are
shown inside it. They correspond to the two lines displayed in the inset of
Fig.2.6. At the contrary, the other transitions corresponding (namely) to
Γ5 → Γ4 are weaker than the experimental ones. There’s a little “shoulder”
at about 162 meV, a little peak at about 167 meV, another at 176 meV
and finally a last one at 186 meV. This model can be improved considering
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Figure 6.3: Two-mode model: differential cross section at T = 6.5 K; h = 1.3 meV,
St′
2
(Γ4) = 0.6, St′′
2
(Γ5) = 0.213, h¯ωt2 = 10 meV.
a Jahn-Teller interaction with two trigonal modes, as exposed in the next
section.
6.3 (Γ4 ⊗ t′2) + (Γ5 ⊗ t′′2) interaction model
In this model, the Γ4 and Γ5 multiplets are coupled to different trigonal
phonon modes, so we have considered the electronic Hamiltonian (1.10), the
vibrational and vibronic contribution (3.32) (with T1 = Γ4 and T2 = Γ5).
As in the previous model, we have calculated the vibronic levels and the
differential cross section for transitions from the lower levels (associated to Γ5
triplet) to the excited ones in the energy range of the experimental spectrum
(associated to the Γ3 and Γ4 crystal-field states).
In the calculations, in order to avoid a too large number of parameters, the
energies of the phonon modes t′2 and t
′′
2 have been taken equal between them
and equal, as also St′′
2
(Γ5), to the value taken in the previous model. As be-
fore, we explore the behaviour of the transitions from the lower vibronic states
to the higher excited ones as a function of St′
2
(Γ4). In Fig.6.3, the differential
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Figure 6.4: Two-mode model: behaviour of the first excited vibronic levels as a function
of St′
2
(Γ4); h = 1.3 meV, St′′
2
(Γ5) = 0.213, h¯ωt2 = 10 meV. The symmetry of the dominant
component in the corresponding eigenstates is indicated with a circle (Γ3) or a cross (Γ4).
cross section calculated at T = 6.5 K choosing St′
2
(Γ4) = 0.6 is shown. The
values of the crystal-field parameters have been updated (W = 4.17 meV,
x = 0.831) in order to reproduce the energy separations among the experi-
mental peaks. In this calculated spectrum, the main peak is well reproduced
with two main lines inside it and the intensity of the rows extending from
165 to 185 meV is higher than in the previous model. This is an indication
that in UO2, as in PrO2, a multimode vibronic model is more appropriate to
interpret the experimental spectra.
In Fig.6.4, the behaviour of the vibronic levels at increasing St′
2
(Γ4) in a
limited energy range around 152 meV is shown. The symmetry of the main
zero-phonon component of the corresponding eigenstate is also indicated: a
circle (cross) is used when the Γ3 (Γ4) component dominates.
As it can be seen from Fig.6.3, there are more transitions contributing to
the different lines. In particular (see Fig.6.4), the first line is due to transi-
tions to excited vibronic states having zero-phonon components characterized
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by Γ3 and Γ4 symmetries. Moreover, for 0.4 ≤ St′
2
(Γ4) ≤ 0.5 the possibility
of transitions separated by about 2 meV is evident. This could explain the
splitting of the first band at 152 meV observed at higher temperature, since
the magnetic field alone cannot reproduce the experimental splitting of 2
meV in the accepted range for the h values.
Conclusions
In this work, we have studied simple microscopic models including crystal
field, magnetic exchange interaction and dynamical Jahn-Teller coupling,
particularly on rare earth dioxides PrO2 and UO2. A number of experimental
facts, such as anomalies in the neutron spectrum, the reduction of the ordered
magnetic moment for T < TN and the distortion of the oxygen cage have
been interpreted as consequences of electron-phonon coupling.
In PrO2, we have analysed single-centre one-mode and two-mode mod-
els, then a cooperative one-mode model. Dynamical Jahn-Teller coupling to
phonons of tetragonal symmetry has been excluded as the main responsible
of the vibronic interaction, while we have found dynamical Jahn-Teller cou-
pling to phonons of trigonal symmetry more appropriate in order to describe
the experimental results. A single-centre model can explain the reduction of
the ordered magnetic moment and also the main features of the differential
cross section. However, a two-mode model better agree with the experimen-
tal measurements. A cooperative interaction is necessary to interpret the
observed distortion of the oxygen cage at T < 120 K and the splitting of the
ground state into two doublets in the paramagnetic phase [7].
In UO2, we have studied only single-centre models. Few experimental
measurements about any possible distortion in the paramagnetic phase sug-
gested to concentrate the analysis to the antiferromagnetic phase. We have
found that the Jahn-Teller coupling plays an essential role in giving the right
value of the ordered magnetic moment and in reproducing the measured
neutron spectra. In the former case, we have found that it is enough to
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consider a vibronic coupling only on the Γ5 ground state, while in the latter
a Jahn-Teller interaction also on the Γ4 triplet is required. As for PrO2, in
the calculation of the differential cross-section, a two-mode vibronic model
better reproduces the experimental results.
The Lanczos-recursion procedure, in connection with the Green function
formalism, has been followed and adapted to calculate accurately the vi-
bronic levels of R4+ ions on RO2 compounds. A suitable choice of the initial
state of the Lanczos procedure has allowed to easy calculate the differential
cross section in order to compare it with the neutron spectroscopy measure-
ments. We have also directly evaluated the magnetic moment, as well as the
distortion of the oxygen cage in PrO2.
It is worth noticing that the knowledge of PrO2 phonon dispersion curves
should be greatly advantageous in order to more strictly define the vibronic
model, as well as (both for PrO2 and UO2) the knowledge of the coupling
constants of the Jahn-Teller interaction, calculated by first principles, and
their behaviour at different temperatures.
In effect, even if the strength of the interactions taken into account have
been phenomenologically determined searching an agreement to the experi-
mental results, we have here proposed a unique model for the interpretation
of different experiments. As a consequence, we have found these phenomeno-
logical constants interdependent among them and the relevance to determine
some parameters by first principles is evident. Anyway, the more significant
goals of this work are to have determined that the dynamical Jahn-Teller
effect cannot be neglected both in single-centre as in polycentre models and
to have found that the interaction with trigonal phonon modes is one of
the main interactions responsible of many experimental “anomalies” in these
dioxides. Since the experimental situation is always in progress, the mod-
els here proposed represent a necessary starting point to interpret also new
experimental
Part III
Appendix
A. Electronic basis functions
PrO2
In PrO2, considering the crystal field and the spin-orbit interaction on the
same footing, it is better to write the crystal-field Hamiltonian on the basis
of the eigenstates of the orbital angular momentum |L = 3, Lz〉. This is
described in Ref.[49].
A diagonalization of HCF gives eigenstates characterized by symmetries
Γ4, Γ5 and Γ2. A proper choice of the rows of these representations is relevant
in order to write properly the Clebsch-Gordon coefficients. It is usual to
write:
Γ4 :


−
√
5
4
(|3, 3〉 − |3,−3〉) +
√
3
4
(|3, 1〉 − |3,−1〉) (x)
−
√
5
4
i (|3, 3〉+ |3,−3〉)−
√
3
4
i (|3, 1〉+ |3,−1〉) (y)
|3, 0〉 (z)
, (1)
Γ5 :


√
3
4
(|3, 3〉 − |3,−3〉) +
√
5
4
(|3, 1〉 − |3,−1〉) (yz)
−
√
3
4
i (|3, 3〉+ |3,−3〉) +
√
5
4
i (|3, 1〉+ |3,−1〉) (zx)
1√
2
(|3, 2〉+ |3,−2〉) (xy)
, (2)
Γ2 : − i√
2
(|3, 2〉 − |3,−2〉). (3)
On the basis functions (1) and (2) the Clebsch-Gordon coefficients for
the tetragonal and trigonal modes relative to a three-dimensional electronic
representation T have the forms reported in (3.5) and (3.18).
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UO2
In UO2, in an intermediate-coupling approximation, the crystal field is de-
scribed on the eigenstates of the total angular momentum |J = 4, Jz〉. The
operators in the Eq.(1.4) are:
O4 = O
0
4 + 5O
4
4, (4)
O6 = O
0
6 − 21O46, (5)
where
O04 = 35J
4
z − [30J(J + 1)− 25]J2z − 6J(J + 1) + 3J2(J + 1)2,
O44 =
1
2
(J4+ + J
4
−),
O06 = 231J
6
z − 105[3J(J + 1)− 7]J4z +
[105J2(J + 1)2 − 525J(J + 1) + 294]J2z −
5J3(J + 1)3 + 40J2(J + 1)2 − 60J(J + 1),
O46 =
1
4
[11J2z − J(J + 1)− 38](J4+ + J4−) +
1
4
(J4+ + J
4
−)[11J
2
z − J(J + 1)− 38].
After the diagonalization of the crystal-field Hamiltonian, we obtain eigen-
vectors characterized by symmetries Γ5, Γ3, Γ4 and Γ1, in order of increasing
energy. The usual choice for the rows of these representations is:
Γ5 :


√
7
4
i (|4, 3〉+ |4,−3〉)− i
4
(|4, 1〉+ |4,−1〉) (yz)
−
√
7
4
(|4, 3〉 − |4,−3〉)− 1
4
(|4, 1〉 − |4,−1〉) (zx)
− i√
2
(|4, 2〉 − |4,−2〉) (xy)
, (6)
Γ3 :


√
7
24
(|4, 4〉+ |4,−4〉)−
√
5
12
|4, 0〉 (θ)
1√
2
(|4, 2〉+ |4,−2〉) ()
, (7)
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Γ4 :


− i
4
(|4, 3〉+ |4,−3〉)−
√
7
4
i (|4, 1〉+ |4,−1〉) (x)
−1
4
(|4, 3〉 − |4,−3〉) +
√
7
4
(|4, 1〉 − |4,−1〉) (y)
− i√
2
(|4, 4〉 − |4,−4〉) (z)
, (8)
Γ1 :
√
5
24
(|4, 4〉+ |4,−4〉) +
√
7
12
|4, 0〉. (9)
The rows of Γ5 (6) and Γ4 (8) are just the ones chosen by Koster [50],
then the Clebsch-Gordon coefficients have the form indicated in (3.5) and
(3.18).
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B. The differential cross section
The differential cross section in dipole approximation is given by [70]:
d2σ
dΩdEk′
=
(
γe2
2mec2
gJ
)2
F 2(κ)k
′
k
∑
α,β (δα,β − κ˜ακ˜β)ρE
〈
E
∣∣J†α∣∣E ′〉
·〈E ′ |Jβ|E〉δ(E ′ − E −∆E). (10)
The neutrons are sent along one of the crystal axes. If x is their direction,
the scattering vector κ˜ is on the plane yz and relation (10) becomes:
d2σ
dΩdEk′
=
(
γe2
2mec2
gJ
)2
F 2(κ)
k′
k
[|〈E ′ |Jx|E〉|2 + sin2 φ|〈E ′ |Jy|E〉|2
+ cos2 φ|〈E ′ |Jz|E〉|2]δ(E ′ − E −∆E), (11)
where φ is the angle of the scattering vector κ˜ on the yz plane.
For small φ, (11) becomes:
d2σ
dΩdEk′
=
(
γe2
2mec2
gJ
)2
F 2(κ)k
′
k
[|〈E ′ |Jx|E〉|2 + |〈E ′ |Jz|E〉|2]
·δ(E ′ − E −∆E). (12)
For a 3-k model, the cubic symmetry gives:
|〈E ′ |Jx|E〉|2 = |〈E ′ |Jy|E〉|2 = |〈E ′ |Jz|E〉|2 (13)
and (11) becomes:
d2σ
dΩdEk′
=
1
2
(
γe2
mec2
gJ
)2
F 2(κ)
k′
k
|〈E ′ |Jz|E〉|2δ(E ′ − E −∆E). (14)
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C. Origin of the Jahn-Teller
effect
Adiabatic approximation
The Hamiltonian of a polyatomic system (for example, a molecule or a crys-
tal, etc.) is:
H = Tn + Te + Vnn + Vee + Vne, (15)
where Tn and Te are the kinetic energies of nuclei and electrons; Vnn, Vee and
Vne represent the coulomb interaction among nuclei, electrons and nuclei,
and electrons, respectively. The Schro¨dinger equation associated to (15) is:
HΨ(r,R) = EΨ(r,R), (16)
where r = (r1, r2, ..., rM) and R = (R1,R2, ...,RN) indicate all the spatial
electronic and nuclear coordinates.
Since mn  me, then Tn  Te and the electron motion can be studied
considering nuclei fixed in the equilibrium position, that is:
Tn ' 0. (17)
Indicating the sum of the potential with V (r,R):
V (r,R) = Vnn + Vee + Vne,
Eq.(16) becomes:
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[Te + V (r,R)]ψm(r,R) = Wm(R)ψm(r,R), (18)
where eigenvalues Wm(R), called Adiabatic Potential Energy Surfaces (APES),
parametrically depend from nuclear positions.
Once the equation (18) is solved, Wm and ψm are known. Then the
complete equation can be solved. The total eigenfunction Ψ can be written
on a fixed basis of ψm(r,R0) eigenfunctions, where R0 is usually a high
symmetry point. Then we have:
Ψ(r,R) =
∑
m
χm(R)ψm(r,R0). (19)
Substituting in Eq.(16), multiplying for ψ∗k(r,R0) and integrating with
respect to r, we have:
[Tn +Wk(R0)]χk(R) +
∑
m
Ukmχm(R) = Eχk(R) (20)
with Ukm = 〈ψk(r,R0) |V (r,R)− V (r,R0)|ψm(r,R0)〉. This term deter-
mines the interaction among nuclear and electronic motion.
If the eigenvalues Wm(R) are well separated, that is:
|Wm(R)−Wk(R)|  h¯ω,
where ω is the highest frequency of the lattice vibrations of nuclei near equi-
librium configuration R0, Born-Huang approximation can be used:
Ukm = δkmUkk. (21)
Instead, writing Ψ on a moving basis of eigenfunctions, ψm(r,R):
Ψ(r,R) =
∑
m
ηm(R)ψm(r,R), (22)
Eq.(16) becomes:
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[Tn +Wk(R)] ηk(R) +
∑
m
Λkmηm(R) = Eηk(R), (23)
where
Λkm = −2〈ψk(r;R)|∇R|ψm(r,R)〉∇R − 〈ψk(r,R)|∇2R|ψm(r,R)〉. (24)
If the off-diagonal elements are neglected:
Λkm = 0 ∀ k,m, (25)
the electron and nuclear motion are separated (Born-Oppenheimer approxi-
mation) and nuclei move in an average potential Wk(R).
The origin of the Jahn-Teller effect
In the case of electronic degeneration, Born-Oppenheimer approximation (25)
breaks down and Jahn-Teller effect takes place. Let us suppose that G is
the group symmetry of the polyatomic system. Starting from Born-Huang
approximation (21), in which k is an index with electronic degeneracy f , the
degenerate eigenfunctions ψk1 , ..., ψkf can be chosen in such a manner that
they transform as the rows γ of an irreducible representation Γ of G. Eq.(20),
with E0 = Wk(R0), becomes:
(Tn + E0)χγ′ +
∑
γ′′∈Γ
〈ψγ′ |U(r,R)|ψγ′′〉χγ′′ = Eχγ′ ∀γ′ ∈ Γ (26)
with U(r,R) = V (r,R)− V (r,R0).
For an irreducible representation Γ of G, it is useful to write potential
U(r, Q) as a function of symmetrized coordinates QΓγ, which transform as
the rows γ of Γ. Writing U(r, Q) near a symmetric configuration Q0, we have
that:
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U(r, Q) '
∑
Γγ
VΓγ(r, Q0)QΓγ +
1
2
∑
Γαγα
∑
Γβγβ
WΓαγα,Γβγβ(r) QΓαγαQΓβγβ (27)
with
VΓγ(r, Q0) =
∂U(r, Q0)
∂QΓγ
,
WΓαγα,Γβγβ(r) =
∂2U(r, Q0)
∂QΓαγα∂QΓβγβ
,
where Γα, γα,Γβ, γβ label the irreducible representations of G and their rows.
The term ∂U(r,Q0)
∂QΓγ
transforms as QΓγ and it is irreducible, while
∂2U(r,Q0)
∂QΓαγα∂QΓβγβ
transforms as Γα × Γβ which is generally reducible. Going to a sum on
irreducible components, we have that:
U(r, Q) '
∑
Γγ
VΓγ(r)QΓγ +
1
2
∑
ΓαΓβ ,Γγ
{WΓα×Γβ(r)}Γγ{QΓα ×QΓβ}Γγ (28)
with
{WΓα×Γβ(r)}Γγ =
∑
γαγβ
WΓαγα,Γβγβ(r)〈Γαγα; Γβγβ|Γγ〉,
{QΓα ×QΓβ}Γγ =
∑
γαγβ
QΓαγαQΓβγβ〈Γαγα; Γβγβ|Γγ〉,
where 〈Γαγα; Γβγβ|Γγ〉 are the Clebsh-Gordon coefficients for the group G.
Wigner-Eckart theorem says that:
〈ψΓ′γ′ |VΓγ|ψΓ′′γ′′〉 = 〈Γ′ ‖ VΓ ‖ Γ′′〉〈Γ′γ′; Γ′′γ′′|Γγ〉, (29)
where 〈Γ′ ‖ VΓ ‖ Γ′′〉 is not depending on the rows γ, γ ′ and γ′′. If Γ′ = Γ′′ =
Γ, relation (29) becomes:
〈ψΓγ′|VΓγ|ψΓγ′′〉 = 〈Γ ‖ VΓ ‖ Γ〉(CΓγ)Γγ′,Γγ′′ , (30)
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where (CΓγ)Γγ′,Γγ′′ = 〈Γγ′; Γγ′′|Γγ〉 is an f × f matrix.
These results, applied to the calculation of 〈ψΓγ ′ |U(r, Q)|ψΓγ′′〉, lead to:
〈ψΓγ′ |U(r, Q)|ψΓγ′′〉 =
∑
Γγ
VΓQΓγ(CΓγ)Γγ′,Γγ′′ +
1
2
∑
ΓαΓβ ,Γγ
WΓ(Γα × Γβ)(CΓγ)Γγ′,Γγ′′{QΓα×QΓβ}Γγ
with VΓ = 〈ψΓ ‖ VΓ(r) ‖ ψΓ〉 and WΓ(Γα × Γβ) = 〈ψΓ ‖ {WΓα×Γβ(r)}Γ ‖ ψΓ〉.
Rewriting Eq.(26) in a matrix form on the f × f space of the functions
ψk1 , ..., ψkf , we have that:
H = (Tn +E0)P +
∑
Γγ
VΓQΓγCΓγ +
1
2
∑
ΓαΓβ ,Γγ
WΓ(Γα×Γβ)CΓγ{QΓα ×QΓβ}Γγ,
(31)
where P is a projector on the space of the electronic functions.
Among the representations of a symmetry group, there is always the
totally symmetric representation Γ = A1, whose Clebsch-Gordon coefficient
CA1 is the identity matrix. Extracting the quadratic term relative to A1 and
adding it to the kinetic energy, we have:
H0 =
1
2

∑
Γγ
P 2Γγ
MΓ
+
∑
ΓαΓβ
WA1(Γα × Γβ)QΓαQΓβ

 , (32)
where MΓ is the effective mass associated to Γ.
The introduction of mass-weighted coordinates qΓγ =
√
MΓQΓγ and the
diagonalization of the quadratic form in (32), allow to put the Hamiltonian
(32) in this simple form:
H0 =
1
2
∑
Γγ
(
P 2Γγ +KΓQ
2
Γγ
)
, (33)
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where QΓγ now mean the new mass-weighted normal coordinates and PΓγ
are the conjugate momenta. Considering only positive values of KΓ, it is
possible to take KΓ = ω
2
Γ. In this way, the total Hamiltonian (31) becomes:
H = E0P +
1
2
∑
Γγ
(
P 2Γγ + ω
2
ΓQ
2
Γγ
)
P +
∑
Γγ
VΓQΓγCΓγ +
1
2
∑
ΓαΓβ
∑
Γ6=A1
∑
γ∈Γ
WΓ(Γα × Γβ)CΓγ{QΓα ×QΓβ}Γγ . (34)
If the quadratic terms of the representations Γ 6= A1 are neglected, then:
H = He +Hv +HJT (35)
with
He = E0P, (36)
Hv =
1
2
∑
Γγ
(
P 2Γγ + ω
2
ΓQ
2
Γγ
)
P, (37)
HJT =
∑
Γγ
VΓQΓγCΓγ. (38)
The term He is the electronic Hamiltonian, Hv is the sum of harmonic
oscillator and represents the vibrational energy of the lattice, HJT represents
the Jahn-Teller interaction. Jahn and Teller [55] showed that for all the
groups of symmetry except C∞ (or others which contains it), VΓ constants
are generally not all zero. The presence of these linear terms in Q vari-
ables different from zero lets the symmetric configuration Q0 to be instable
(Jahn-Teller effect). So there will be an evolution of the system towards a
new configuration, often having lower symmetry, lower degeneracy and lower
energy.
D. Effective distortions
In rare earth dioxides, the calculation of the distortion of the lattice is com-
plicated by the fact that oxygen ions belong to more than one cubic cell.
Specifically, each oxygen ion is common to four RO8 cells. So, in order to ob-
tain the “effective” distortion of a single cell, the contributions coming from
the neighboring cells have to be considered. In this section, we illustrate such
calculation from a qualitative point of view.
PrO2
 
 




Figure 5: In PrO2, a O2− ion (indicated with a black circle) belongs to four different cubic
cells (indicated with solid lines). In the picture, the two components of the orientation of the
magnetic dipoles on Pr4+ ions are shown: the primary one (left side) and the secondary one
(right side).
In the antiferromagnetic phase, praseodymium dioxide has two magnetic
components pointing in directions orthogonal to the axis of duplication of
the structure of the cell and mutually orthogonal among them. They are
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reproduced in Fig.5, where the dashed cages represent the two components
of the magnetic structure. In the same picture, one of the O2− ions is indi-
cated with a black circle. It belongs to four different cells, each one having
different orientations of the magnetic field. So it is subject to four different
displacements. Taking into account Tab.3.2 and Fig.3.5, the displacements
of such O2− ion are shown explicitely in Fig.6.
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Figure 6: The four different cubic cells to which the O2− ion (black circle) belongs and
the two components of the magnetic dipoles on Pr4+ ions are displayed. In each cell the O2−
ion is subject to a displacement, indicated with a small arrow.
Summing all the contributions, we have:
∆1 = y1 + z1 + y1 − z1 + y1 + z1 + y1 − z1 = 4y1. (39)
So this O2− ion is displaced in y direction. Repeating the same calculation
for all the other ions, the “effective” distortion shown in Fig.7 is obtained.
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1 2
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Figure 7: The “effective” distortion for a cell of PrO2 with magnetic components on +y
and +z directions.
  
  

Figure 8: In UO2, a O2− ion (indicated with a black circle) belongs to four different cubic
cells (indicated with solid lines). In the picture, the orientation of the magnetic dipoles on
U4+ ions is shown.
UO2
Also in uranium dioxide, each oxygen ion belongs to four UO8 cells. In the
antiferromagnetic phase, each one of these cells has a different orientation of
the magnetic moment along one of the diagonals of the cube: (1,1,1), (1,-1,-
1), (-1,1,-1), (-1,-1,1). Let us consider the O2− ion displayed in Fig.8 with a
black circle. It is subject to four different displacements, shown in Fig.9. As
a result, the ion is displaced in the (1,1,1) direction. Considering the whole
UO8 cell, the distortion shown in Fig.10 is obtained.
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Figure 9: The four different cubic cells to which the O2− ion (black circle) belongs are
displayed. In each cell the O2− ion is subject to a displacement, indicated with a small arrow.
Figure 10: The “effective” distortion for a cell of UO8 with magnetic moment in the (1,1,1)
direction.
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